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A Study on Strictly pseudoconvex functions
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O Introduction

Quasiconvexity is the most promising and useful generalization of convexity. It
occurs in many problems of mathematical programming and economics where convex-
ity is too restrictive condition. And strict pseudoconvexity is very important general-
ization of strict convexity.

In this paper, we investigate several properties on quasiconvex, strictly pseudo-
conuex functions. In section 1, we obstain the fact that if the Hessian matrix H(x)
of f is positive semidefinite in the subspace orthogonal to <7 f(x), then f is quasi-

convex. In section 2, we obtain a first order criterion for strict pseudoconvexity
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of quasiconvex functions.

1. Quasiconvex Functions

We begin by the following definition.

Definition 1.1 Let f: s—E, where S is a nonempty convex set in En. The
function f is said to be quasiconvex if for each x; and x, ¢ s, the following in-
equality is true: f [ Ax; +(1—4)x,) <max {f(x,), f(x,)}, for each Ae (0,
1)

Remark : Let S be a honempty open convex set in En, and let f :s— E; be
differentiable on S. Then f is quasiconvex if and only if either one of the following
equivalent statements hold.

1. It x5, xg€s and f(x,;) < f(x,), then f(xz)t (x;—x0<0
2. I x; X,€s and f()(g)t (x,—%x9) >0, then f(x,))f(x,)

Theorem 1.1 Let S be a nonempty open convex set in En and f:s —FE,.
Then f is quasiconvex on s if and only if f,,; is quasiconvex for all xo,he€ En,
where fxo,h (t)=f(xo+th), teE,;, Xo+theS.

i.e., the restriction of f to any line segment in S is quasiconvex.
(proof ) (=) Let xo,h € En and 1€ (0, 1)

Let t;, t,€E, such that xo+t,hes and xo+t,hes

fron (At +(1— 4Dt ) = f(xo+ {At,+(1 =2ty }h )
f(xo+ At;h+ (1—2)t,h]
flA(xo+t;h)+(1—2) (x0+t,h)]
< max { f(xo+t;h), f(xo+t,h))

i

Il

max {f,m,}l (L), fyo,n (o)
Hence, fyo,n (At +(1=2)t5 1< max {fypn (£1), fyon (ta))

Therefore, 4, is quasiconvex.

(&) Let x,yes and 4€ (0, 1)

By assumption, f, ,_, is quasiconvex.
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flAx+(1—=Dy ]

fy, vy C4)

fpoy (A 1+(1=2). 0]

< max {fy, oy (1), £, oy (0))

max {f (y+1(x=y)], f (y+0.(x—y)])
= max (f (x), f (y)}

Hence, f { 2x+(1—=2)y J< max {f (x), f(y))

li

Therefore, f is quasiconvex.

Theorem 1.2 Let S be an open convex set in En and f:s— E, be a twice
differentiable function.
Then, f is quasiconvex on S if for all xes, <Vf (x )*h =0 implies h*H(x)h>0,
where H (x) is the Hessian matrix of f at x € s.
(proof ) Suppose that there exists an (x,h DesxEn such that 7 f(x)*h=0 and
h*H(x)h <0
Let (t)=f(x+th) for any te€ (teE : x+thes }
By theorem 1.1, is quasiconvex.
Since f is twice differentiable, 6 is twice differentiable.
f(x)*h=6(0) and h* f(x)th=6"(0)
Since 0 is twice differentiable, 6 (t) =0 (0)+t6 (0)+ $t26”(0)+ t% (1)
=(0)++t260" (0)+t%e (t)
» where lime (t)=0
=0

Since 6”(0) <0 and limo e (t)=0, there exists 6 >0 such that for 0< lt]<o,
t—

$07C0) Ce(t) (—46"C0).

For 0C1t]<d, 6Ct)=60)<H260"C0)+12 (=467(0))=0

Hence, 0 (£) <6 (0) (1.1)

Let 0 (It} <o.

By the quasiconvexity of f, 6(0)= Ol4+t,+(C1—8)t,)
<max {8 (t)), 6 (—t))

This contradicts to (1.1)

Hence, f(t)'h=0 implies h*H (x) h>0.
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2 . Strictly pseudoconvex functions.

Definition 2. 1. Let s be a nonempty open set in En and let f :s — E, be dif-
ferentiable.
The function f is said to be strictly pseudoconvex on s if for each distinct x,, Xq

€s, Vf(x)(x, —x,)=0 implies that f(x;) > f(x1)

Theorem 2. 1. Let s be on open convex set in En and f :s—E; be differenti-
able. Then, f is strictly pseudoconvex on s if and only if fyo,n is strictly pseudo—
convex for all xo,h e En, where f,on (t)=f (xo+th), teE;, xo + thes.
(proof ) (= ) Let xo, he En

Let t;, tp€E; (t;#t,) such that xo+t, hes and xo+t,hes
Assume that f,o,n (1)< fro,n (1)
By the definition of fy, n, f (x0+tzh) <f (x0+t,h)
By the strict pseudoconvexity of f, f (x0+t,h)t (ty —t;)h €0.
Since 7 f (x0 +t;h)th= s, n (t1)) f'xo,n (t1) (b, —t,) <0
Hence, f,o,n is strictly pseudoconvex.
(&) Let x,yes (x#Fy)
Suppose that f(y)< f(x)
By assumption, f, ., is strictly pseudoconvex.
£Oy)= fy,y (DS T(X)= 1y, oy (1)
By the strict pseudoconvexity of fy, x—ys f'y,x—y (1) 0
Since Vf (y+ (x—y) It (x—y)=fy, 4y (1), VE(x* (y—x) 0

‘Hence f is strictly pseudoconvex.

Theorem 2. 2. Let s be an open convex set in En and f:s—E, be differentiable.
Let f be strictly pseudoconvex on s. If Vf(x)'(y—x)=0, for all yes, then x
is the unique global minimum of f over s.

(proof ) Since Vf (x)*(y—x)=0 for all yes, by the strict pseudoconvexity of f,
f(y)>f(x) for all yes

Hence, x is the global minimum of f over s

Let ¥ be another global minimum of f over s.

By assumption, VI (x)t(¥ —x)2=0

- 88—~



=
‘o
T
>
>
o
Bl
3
o
g
~C
A

By the strict pseudoconvexity of f, f(x") > f(x)
This is a contradiction

Hence x is the unique global minimum of f over s.

Corollary 2.3. Let f be strictly pseudoconvex on s.
If Vf(x)=0, then x is the unique global minimum of f over s.
(proof ) Since Vi(x)=0, Vf(x)' (y—x)=0 for all y €8

By Theorem 2.2, x is the unique global minimum of f over s

Theorem 2.4. Let s be an open convex set in En and f:s—E;, be differen-
tiable. Let f be quasiconvex on s.
Suppose that V{(x)*(y—x)=0, y# x and x,yes implies f(x)# f(y)
Then f is strictly pseudoconvex on s if and only if Vf(x)=0 implies that x is
the unique global minimum of f over s.
(proof ) ( =) By corollary 2.3, it is clear.
(&) Suppose that f is not strictly pseudoconvex on s.
Then, there exists a pair x,y €s (x#y) s,t, f(y)< f(x) and Vf (x)* (y—x)
>0 (2.1)
Since f(y)<{f(x), x is not the unigue minimum of f over s. By assumption,
VEx)#+0 (2.2)
Since f is quasiconvex on s and f(y)< f(x), VI (y—=x)<0 (2.3)
From (2.1) and (2.3), Vf(x)*(y—x)=0
By assumption, f(y)# f(x)
On the other hand, f being differentiable on s, f is continuous on s.
Since f(y) < f(x), there exists a real number # >0 such that f§ Cy+61f(x)])
CECx)
By the quasiconvexity of f, Vf(x) [y +0Vf(x)—x ) <0

02 V() Ly+0VE(x)~x]

= VIO (y—x)+ 0V (x)'f (x)
= OV (x)*Vf(x)

Since 650, 0=>f(x)*Vf(x)= Il Yf (x)]
Hence, Vi (x)=0
This contradicts to (2.2)
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Hence f is strictly pseudoconvex on s.
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