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Characterization of C-embedding of Topological Extensions
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1. Introduction

Let X be a Hsuscorff space. In this note, we shall discuss the necessary and sufficient

conditicns of the C*-embedding of the topological extensions of X.
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. Main Results

Definition 1. A function f: X—Y is #-continuocus if for each pe X and open set U cont-

aining f(p), there is open set V containing p such f(C1(V)CCI(f(U)). And f is 6-home-

omorphism if f is f-continuous, bijective and f~! is #-continuous.

Definition 2[3]. The semiregularization of X, denoted by X, is the space whose set is
the set of X with the topclogy generated by open basis {Int(C1(U))|U is open in X}.
And X is semiregular if the topclogy of X is genersted by {Int(C1(U))|U is open in X}.

Definition 3. Y is an extensicn of X if X is a dense subspsce of Y. And Y is a P

extensicn ¢f X if Y is an extensicn of X and Y safisfies the topclegical property P.

Definiticn 4. An extensicn Y ¢f X is 6-isomorphic to an extension Z of X if there
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exists a f~homeomorphism f: X—Y such that f(x)=x for each xCX.

Definition 5[3]. A Hausdorff space X is H-closed if every open cover of X has a finite

subfamily whose union is dense.

Definition 6[2]. Let X be a Hausdorff space and T a Hausdorff extension of X. For
peT, define ¢*={UNX|U is open in T and peU}. The extension T of X has the simple
extension topology if {UN{p}IU is open in X, p=T and Ue#?} is an open basis for the

topology of T.

Definition 7[4]. The Hausdorff extension T of X is called the Katétov extension of X
and denoted £X if {6?|p=T X} and T has the simple extension topology.

Definition 8[4]. Let C*(X)(C*(Y)) denotes the set of all continuous functions on X(Y¥)
and let Y is an extension of X. X is C*-embedded in Yif for every g in C*(X), there is

a g’ in C*(Y) such that g’ is a continuous extension of g.

Proposition 1[5]. For each H-closed extension 2X of X, there is a unique continuous

function f: EX—hX such that f(x)=« for xeX and f(RX\X)=AX\X.

Definition 9. The function f in Proposition 1 is called the Katétov functicn of AX.

Remark. Each H-closed extension #X of X determines a partition
P{hX}={fY(p)|p=hX} of kX by the Katétov function. In fact

PhX)={{x}|xeX}U {fT1(D)[p=hX\X].

Proposition 2[7]. Let 2X be an H-closed extension of X, Then there is an H-closed
extension #’'X such thatP(#’'X)=P(hX), the Katétov function f: kX—A'X is a quotient

map and #'X and hX are 6-isomorphic extension of X.

Remark. For pekX\X, let A(®)=N{Ff(MO\XIfeC*(kX)}and let P*(X)={A(D) s
EX\X}U{{x}IxeX}, P*(X) is a partition of kX.

Definition 10. Let @ be a family of pairwise disjoint subset of kX, @ refines P*(X)
means for each A=Q, there is Be P*(X) such that ACB.

Proposition 3. A space X is C*-embedded in the H-closed extension hX of X if and
only if P(hX) refines P*(X).
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Procf. Suppose that X is C*-embedded in £X. Since 2X is an H-closed extension of X,
by Preposition 1, there is a Katstov function'f: kX—hX such that f(x)=x for all x&X and
F(RXNX)=RX\X. And since PhX)={{x}|1xCX}U{f(®)Ip=hX\X}, to prove our
assertion, it is sufficient to show that fer f(@=phX\X, FUPSA(Q). For this
purpose, let r&f1(p) and geC*(kX), then glx is in C*(X) and hence there is £ is in
C*(hX) such that # is a continuous extension of glx and ¢&/7() snd f(r)=p. Since
glx=Fk-f. Thus g(»)=k(p)=g(q) and hence r=A(P. Thus P(hX) refines P*(X).
Conversely, suppose P(hX) refines P*(X). By Propositicn 2, there is en H-closed
extensicn /X of X such that P(W'X)=P(hX), the Katétov functicn f: EX—-X is a
quotient map and /#’X and 42X are f-isomerphic extension of X. Let geC*(X) and g’ be
the continuous extension of g to £X. Since P(W'X)=P(hX) refines P*(X), PSS AW@D
for f()=p WX X. Hence g’ is constant on f~1(p). Define the function g”C*(W'X) by
g"(P=g (f(p)). Since g’=g"-f and since #'X has the quotient topelogy induced by f,
g” is continucus. Since #'X and kX are 6-isomorphic extension of X, there is a #-homeo-
morphism k: hX—h'X such that k(x)=x for x=X. Hence %k g” is a f-continuous extension
of g to hX. Since 6-continuous function into a regular space is continucus, & g” is con-

tinuous and % g”eC*(hX). Hence X is C*-embedded in kX.

Propagition 4. A space X is C*-embedded in the Hausdorff extensicn eX of X if and
only if P(eX) refines P*(X).

Proof. Let ¢X be a Hausdorff extension of X. Then keX is an H-closed extensicn of
X. Let f: kX—keX be the Katétov function of keX, P(eX)={f1(p)|pseX}and M=
f-1(eX), then XCMCkEX and P(eX) is a family of pairwise disjoint subsets of &X. Since
f is one-to one on (AX\M)UX, P(eX) refines P*(X) if and only if P(keX) refines
P*(X). Since e¢X is C*-embedded in keX, X is C*-embedded in e¢X if and cnly if X is

C*-embedded in keX. Hence, by Proposition 3, Our asserticn is valid.

Corollary 1. Let X be a regular Hausdorff space cn which every continucus functicn is

constant. Then X is C*-embedded in every H-closed extensicn of X.

Corcllary 2. Let X be Tychonoff. Then the Stone-Cech compactification BX cf X has
the preperty that P(BX)=P*(X).

— 117 —



4

19834 4] WRBHE AR ROCE H188

References

. B. Banaschewski, On the Katétov and Stone-Cech extensions, Canad. Math. Bull. 2(1959),
1—4.
, Extnsions of topological spaces, Canad. Math. Bull. 7(1964), 1—22.

3. N. Bourbaki, General Topology, Part 1, Addison-Wesley, 1966.

. M. Katetov, Uber H-abgeschlossene and bikompake Raume, Casopis Pest. Mat. Pys. €9(1940),
36—49.

5. C.-T. Liu, Absolutely closed spaces, Trans. Amer. Math. Soc. 130(1968), 86—104.

. J.R. Porter and J.D. Thomas, On H-closed and Minimal Hausdorff spaces, Trans. Amer.
Math. Soc. 138(1969), 159—170.
, and C. Votaw, H-closed extensions, General Topology and its Application, to

appear.
N.V. Velicko, H-closed topological spaces, Mat. Sb. 70(112)(1966), 98—112. (Amer. Mzth. Soc.
Translation, 78(2)(1968), 103—118.)

— 118 —




