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COMMON FIXED POINT THEOREMS
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1. Introduction

Statistical metric space were introduced by K. Menger in 1942(5]. The author
K. Menger looked upon the distance concept as a statistical one rather than a
determinate. More frecisely, instead of associating a number—the distance
d(p,q)- with every pair of elements p,q he associated a distribution function
Fpq(x) which could be interpreted as the probability that the distance from p
to q be less than x. In 1960, the space which K. Menger constructed was called
the Menger space by B. Schweizer and A. Sklar[8]. And they established
topologicalnhotions on Menger spaces.

Since metric spaces can be considered as Menger spaces, we mRay raise a
question that a certain kind of fixed point theorems on metric spaces can be
generalized for Menger spaces. To answer this question, we need to review
contraction mappings on metric spaces and fixed point theorems for such
mappings.

The purpose of this paper is to define some generalized contraction mappings
on Menger spaces and to obtain various types of common fixed point theorems
for families of mappings on Menger spaces.

Many mathematicians have investigated common fixed point theorems for
families of mapping on metric spaces ([11,[2],(3],(6],(7],[10]).

In section 2, we define the Menger space. And in section 3, we devote to

common fixed point theorems for a family of mapping on the Menger space.
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2. Definitions

Let R denote the reals. A papping F : R—R is said to be a distribution if
it is nondecreasing left—continuous with inf F=0 and sup F=1.

We will denote by L the set of all distribution functions. And H will always
denofe the specific distribution function:

H(x) = [ 0, %0
1, x> 0.

Derinition 2.1 ([81,[91). A statistical metric space (briefly, SM-space) is
an ordered pair (S,7) where S is an abstract set and 7 is a mapping of SXS
into L i.e.,7 associates 2 distribution function T(p,q) with every pair (,9)
of points in S. We shall denote the distribution function 7(p,q) by Fpa, where
the symbol Fpq(x) will denote the value of Fpq for the real argument x. The
function Fpq are assumed to satisfy the following conditions:

(SM-1) Fpq(x) =1 for all x) 0 if and only if p=9,
(SM-1) Fpql0) =0,

(SM-11) Fpq=Fap,

(SM-IV) If Fpglx)= 1 and Fqr(y) =1, then Fpr(x+y) =1,

for any p,q,r in S and x,YER.

Definition 2.1 suggests that Fpq(x) may be interpreted as the probability
that the distance between p and q is less than x.

DeriniTion 2.2 [9]. A mapping A:[0,1]=x[0,11—>[0,1] is A-norm if it
satisfies
(A-1) Ala,1)=a, A(0,00=0
(A-T) Ala,b)=A0,a0)
(A-T) Ale,d)2A(a,b) for c2a, d>b,
(A-N) A(A(a,b),c)=Ala, Aldb,c)), for any a,b,ce[0,1].
-9 -
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Tge following are examples of A-norms:
(a) A1t Ay(a,b)=nax {a+b-1,0},
(b) Az:Az(a,b)=ab,
(c) As:As(a,b)=nin {a,b}.
We will denote by 8 the set of all A-norms.
DeriniTion 2.3 [8]. A Menger space is a triple (S,7, A), where (S,7) is an ol
SH-space and A €8 satisfies the following triangle inequality:
(SM-V) Fpr(x+y) 2 A(Fpq(x), Fer(y), for all p,q,r in S and for all x>,0 ¥
»20.
The following the;arem establishes a connection between the metric space and” -
the Menger space.

TeeoreM 2.4 [9]. Let (S,d) be a metric space. Then the metric d induces a
mapping 7:SXS—>L, where 7(p,q) (p,9E€S) is defined by 7(p,q)(x) =Fpq(x)=H
(x—d(p,q)), xE€R. Further if A is As=mnin, then (S,7,A) is a Menger space
and (S,7,A) is complete if the metric space (S,d) is complete. L

The space (S,7, A) obtained by a metric space (S,d) is said to be an induced -
Henger space. L

3. Common fixed point therems for the family of mappings

We define some generalized contractive mappings on Menger speces.

DerinitioN 3.1. Let (S,7) be an SM-space. A mapping T of S into itself is
said to be contractive type mapping (briefly CT-mapping) if there exists a
constant k, O {k {1 such that for all p,q in S,

Frerq(kx) 2min {Fpq(x), [Fprp(x)+Fqrq(x)],

[Fqu(X)*FqTq(x)]}
for all x) 0.
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DeriniTion 3.2. Let (S,7) be an SM-space. Two mappings Ty and Tz of S into
itself are said to satisfy the CT-mapping condition if there exists a constant
k, 0 ¢k {1 such that for all p,q in S,

FTIPTzq(kX):Zmiﬂ {Fpq(x), [FPTIP(X)+FqT2q(X)]9

[Fp'l‘zq(x) *Fqu q(x) ] }

for all x) 0,

We reproduce the following fixed point theorems on Menger spaces.

Tusqgsx 3.1 ([4]). Let (S,7,A) be a complete Menger space and A be a
continuous function satisfying A (x,x)>x for each x€[0,1]. If T is any CT-

mapping from S into itself, then T has a unique fixed point p in S.

Tucorem 3.2 ([4]). Let (S,7,A) be a complete Menger space and A be a
continuous function satisfying A (x,x)>x for each x€[0,1]. If Ty and T2 are
mappings from S into itself satisfying the CT-mapping condition, then Ti and

T2 have a unique common fixed point g in S.

We obtain the following main results.

Tueorem 3.3. Let (S,7, A) be a complete Menger space and A be a continuous
function satisfyving A(x,x)>x for each x€[0,1]. If {Ti} (i=1,2,:--,n) is a
family of mappings of S into itself such that the composition T1T2---Tn is a
CT- wmapping and TiT;=T;T: (i{,j=1,2,---,n), then {Ti} has a unique common
fixed point p in S.

Proof. Let T=T1T2---Tn. By the hypothesis, T is a CT- mapping. Hence, by the
theorem 3.1, T has a unique fixed point p in S. Thus Tp=p. Now for
i=1,2,-.,n, Tip=TiTp=TTip. Hence Tip is a fixed point of T. But since T has
a uniqe fixed point p, Tip=p (i=1,2,---,n). The uniqeness is trivial by the
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uniqueness of the fixed point of T.

As immediate corollaries, we have the following;

CoroLLarY 3.4 Let (S.7, A) be a complete Menger space and A be a continuous

function satisfying A(x,x)2x for each x€[0,1]. If {Ti} (i=1,2,-,n) is a g

family of mappings of S into itself such that there exists a constant &, i1

0 ¢k {1 such that for all p,q in S, FT,TZ---Tnprlrzo--an(kx) >Fpq(x) for all .

x) 0 and TiTy=TiTi (i,j=1,2,-+,n). then {T:} has a unique common fixed point
p in S.

CoroLLARY 3.5. let (S,d) be a complete metric space and {Ti} (i=1,2,--,n) .

be a family of mappings of S into itself satisfying the condition:

d(TyT2+Tnp,T1T2:-Tnq) Sk d(p,q) for all p,q in S and for some k, O <k {1 and

T:T;=T;Ti (i,j=1,2,--,n). Then {Ti} has a unique common fixed point p in S.

mappings.

-

TueoreM 3.6. let (S,7,A) be a complete Menger space and A be a continudué

function satisfying A(x,x) >x for each <xe[0,1]. If {Ti} (i=1,2,-") is a

family of mappings of § into itself such that, for each 1,J (i,j=1,2,--) with
i%xj two mappings T:,T; satisfy the CT-mapping condition, then {Ti} has a
unique common fixed point p in S,

Proof. For each fixed i,j (ixJj), by theorem 3.2, Ti and Tj have a unique
comnon fixed point p in S.

Next, we show that all these fixed points coincide. Let p,p’ be common fixed
points of Ti,T; (i=Jj) and Ti,Tx (i %k) respectively. And suppose that Jj=k.
T;p=p, Tip’ =Tp’ imply that

Fpp’ (x)=FT3-‘PT?P’ (x)

L3
Now we obtain a common fixed point theorem for the infinite family of
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2min {FT?"'e1} e (x/k), [Fr3~! pTlp(x/R)+FT] 7 e ThR! (x/R)1,
(Fr3-terier (/R)+FTY er p(x/k)1}

=min {F17"tp7] e (WR), 2, 2P~ ety e (xX/R))

=FT’J-‘“p'r'i’“p' (x/k) for all x) O and for some k, O {k{1.

Similarly, Fri~'pr}'e’ (x/k) 2F10~2p1} %p! (x/k2). Hence Fpp' (x)2Fpp’ (x/E")

1
for.all x> 0 and for n=1,2,---. Taking n—>0, Fper(x)=1, for all x)O.

Hence p=p' . This completes the proof.

From theorem 3.6, we have the following two corol laries.

CopoLLaRY 3.7. let (S,7,A) be a complete Menger space and A be a
continuous function satisfying A(x,x)2>x for each x€[0,11. If {Ti}
(i=1,2,-++) is a family of mappings of S into itself, such that for each 1,J
(i,j=i,2,---) with i=j, two mappings Ti and T} satisfy the condition: there
exists a constant k, 0 {k {1 such that for all p,q in S, Fijqu(bC) >Fpq(x),

then {Ti} has a unique common fixed point p in S.

COROLLARY 3.8. Let (S,d) be a complete metric space and {T;} (i=1,2,-) be
a famlv of S into itself satisfying the condition: for each i,j (i,j=1,2,-"")
Wlth i%xj, d(Tip,Tiq) <kd(p,q) for all p,q in S and for some k, 0 (k (1. Then

{T:} has a unique common fixed point p in S.

We obtain another common fixed point theorem for the infinite family of

pappings as follows.

Tueorem 3.9. Let (S,7, A) be a Menger space and A be a continuous function
satisfying A(x,x)>x for each x€[0,1]. Let (T:} (i=1,2,---) be a family of
CT-nappings of S into itself with a fixed point pi for each i=1,2,--, and T
be a mapping of S into itself such that the sequence {Tiq} convergers to Tq.

-6 -
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If pi—>p, where pES, then p is a fixed point of T and if T is a CT-mapping,
then p is uniquely determined.

Proof. Let &, A be positive reals. Since pi—>p, there exists an integer N
such that Fpp;(£/2) ) 1-1/2 and Frpr;p(€/2) (1-M/2 for all i) N. Now, for i) N,
for some k, 0 {k (1,

Fr om0, (6/2) 2min {Fpp;(/20), [Fon,p(e/20)+Fp m,p, (e/20)],
(Fpr,p; (&/2k)+Fp;7;p(£/2k) ]}
=rin {Fpp:(€/2k), [1+Fp1:p(e/2R)],
[Fpp; (€/2k)+Fp 1,p(£/2k) ]}
=Fpp;(&/2k)
> 1-A/2.
Hence for i) N, Frpr;p;(€) 2 A(Frpr;p(e/2), Fr;pr;p;(€/2))
> A(1-A/2, 1-\/2)
21-1/2
Y 1-A.

Thus Tipi—>Tp. Since Tipi=pi and pi—>p, by T2-ness of our space, Tp=p.

Since T is a CT-mapping, the uniqueness is clear. This completes the proof. .
As immediate corollaries, we have the following;

CoroLLARY 3.10. Let (S,7,A) be a Menger space and A be a continuous
function satifying A(x,x)>x for each x€[0,1]. let {Ti} (i=1,2,--:) be a ]
family of mappings of S into itself with a fixed point pi for each i=1,2,---,
such that for each i=1,2,---, there exists a constant k, O (k {1 such that Fr;
aqt;r(kx) 2Fqr{x) for all q,r in § and all x) 0 and T be a mapping of S into
itself such that the sequence {Tiq} converges to Tq. If pi—>p, where pES,
then p is a fixed point of T and if T satisfies the condition such for all q,r

in S, there exists a constant k, O {k {1 such that Frqrr(kx) >Fqr(x) for all
- 7 -
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x) 0, then p is uniquely determined.

CoroLLARY 3.11. Let (S,d) be a petric space and {Ti} (i=1,2,-+*) be a family
of mappings of S into itself satisfying the condition: for each 1=1,2,,
d(Tiq,Tir) <k d(q,r) for all g,r in S and for some &, 0 (k {1. If for all q in
S, the sequence {Tiq} converges to Tq and if pr—>p, where pES, then p is a
fixed point of T and if T satisfies the condition such that there exists a
constant k, O (k {1 such that d(Tq,Tr) <k d(q,r) for all q,r in S, then p is

uniquely determined.
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THE WEAK ATTOUCH—WETS TOPOLOGY AND
THE METRIC ATTOUCH—WETS TOPOLOGY

Sangho Kum*

ApsTracT. The purpose of this paper is to find some relations between
the weak Attouch-Wets topology and the metric Attouch-Wets topology for
the nonempty closed convex subsets of a petrizable locally convex space
X. We verify that the former is coaser than the latter. Moreover, we
show that X is normable if and only if the two uniformities determining

the two topologies for the closed convex subsets of XXR respectively = .

are equivalent. Our results strengthen and sharpen those of Hola in
terms of uniformity itself rather than the topology determined by the

uniformity.

1. Introduction

.

<y

As a successful generalization of the classical Kuratowski convergences of

closed convex sets in finite dimensions [8], Attouch-Wets topology [1] in a
general normed space X has lately attracted considerable attention. The reason
why this topology receives a good deal of attention is that it is stable with
respect to duality without reflexivity or even completeness. This Attouch-Wets
topology is the topology of uniform convergence of distance functionals on
bounded subsets of X, and is well suited for approximation and convex
optimization. Its rich developements can be found in the literature(2][4]1(5].

Recently, Beer [3] defined, in the context of a locally convex space, the
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