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1. Introduction

In optimal regulator problems an increase in the value of the performance index is in
general encountered when a Luenberger type obserever is employed to construct the
estimates of the state variables which are not available by direct measurement, and in
almost cases the increase in the performance index becomes large when the real

parts of the observer eigenvalues become highly negative (J.]. Bongiorno and D. C.
Youla, 1968).
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While, in the the case that the system parameters vary the cost varies, i.e., for a
different set of parameter values the cost and optimal control have different values and
the associated transient response has a different characteristics.

In fact, system parameters often differ from their nominal values due to uncertainties
and errors in measurement or simplifications in mathematical modelling, and change by
the change of the loading condition as is usually in the case of the ship.

Especially under the circumstances which impossible to measure the system parameters
every time its vary, it would be desirable to construct optimal law as low sensitive as
possible over a range of partmeter variations. ‘

Bongiorno (1973) showed that designing observer for insensitivity to system parameter
variation is impossible for all initial states, but low sensitive controller which is const-
ructed from the estimated state variables is rather demanding.

In this paper, for the purpose of constructing comparatively low sensitive control law
a general index of optimality which includes both sensitivity and performance characte-
ristics are introduced. Moreover it is discussed for what performance index the control
law using the estimates of the state variables is optimal, and a sufficient condition is
derived.

The system under consideration is one-input and one-output completely controllable
and observable linear time invariant dynamical system as,

X=A4X+bu
y=c'X }
where X is an n x| state vector, 4,b, and ¢ are nXn, nXl, n X1 matrices respectively,

and can be easily expressed by an observable canoic form with,

Qrevereneenes -Qy bo ]
{ 1 0 -a b 0
1 1 .1 |
A= b= | : c=
0!, : : 1
1 -a,4 bn—l

The performance index is chosen to be quadratic form as:
]=1/2f:(X’QX+m2)dt ............................................................ 1.2

where Q is as nXn positive definite symmetric cost weighting matrix, and 7 is a scalar.

The optimal control is given by,

st X wvreeeeesees s 1.3
and K is an 1Xn gain matrix defined by
K=rb'P
and P is the positive definite n-square matrix solution of the Riccati equation:
A/PAPAFQ—Pbrb/Pm( resseeseerssmmssosssssisseisssssnsssssssssssns s (1.4
The optimal value of this performance index is:
T /27 (QYPX(0):rvvsrevsssessseesssesssssmsssmsssssssssssssssss s (1.5)
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2. Observation of the state vector

The observation problem is the reconstruction of the state vector for the system given
by eq.(1.1) from the available output and the control.

In the case of n-dimensional, Luenberger type observer is defined as (Anderson et al.,
1971),

Z=AZ+bu+f(y—c'Z)
(A O ) ZABUA fPeeeeeeereeomi e @n
with arbitrary eigenvalues and
Z([):X(z) +exp(A—fc’)[.g(()) ............................................... 2.2)

where Z and f are nxl vector.
On the other hand, n—1 dimensional observer is:

@:Ew_l.du._*_gy ........................................................................ (2. 3)
Where O ............ -0y bo—a.()bn—l
oo '
l O 1 —an—-l J l bn—Z_.a»—an—lJ
nad
0 aay) 0] \,
27 4 { o |
g: : - - : I (an—z_an-—l)
a‘n-a Qg } I\ d}l—2f
where w is an n—1 vector and «a; (i=0,1,.---- »n) are erbitrary eigenvalues of the cls-

erver. For the dynamic system to be an observer the following relationship must hold :

W=T XA et (2. 4)
Em=F0 oottt e (2.5
with
( 1 _ao \‘
O —a1 i
T= :

| :
0o - :
t 1 —s J

The n vector X is an estimate of the system state X and is:

or X=X+ne .............................................................................. (. D

where
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If the state is measured indirectly by the observer, an increase in the performance
index of eq. (1.2) is expected. In this case, to obtain the optimal control ignoring the
observer charactersitics will be meaningless.

The same statments are true for the case that the system parameters are varied.

Consider here the system equations for the variation of system parameters.

It is assumed that the matrices 4,0 in eq. (1.1) and W,d, g in eq.(2.3) are function
of a system parameter t.

Differentiating eq. (1.1) with respect to r yields :
Y. =AX,+ A X+bu,+bu, X(t)=X,(0) }
y.=c'X,
and with the same way, the following equations are obtained from the eq. (2.3) and
2.4):

'[;VT=EW7-+—a’uf»1--dﬂ,;-{-gyy—{.gyT ................................................ 2.9
T m T X, @, +oreesnessessesieeomssutesnastas e s ettt 2.10)

Substituting eq. (2.10) into eg. (2.9) and utilizing egs. (1.1 and (2.8) yields:

(TA—ET—gc"yX,+(Th,—d,)u+(Tb—d)u,+(TA,—g.c") X+e.=Ee,
or

CLmmFQ, +eeeeseentone e @.1D
The subscript indicates the partial derivative with respect to r such as Xe=0X/or.

3. Augumented performance index

As the estimates of state variables X can be represented as a linear function of the
state variables X and the estimated error ¢, the following system equations including
an observer characteristics are obtained from the egs. (1.1) and (2.5):

and Ko (X1 @) wvvreeremmrennce it (3.2)

Also, as the performance index corresponds to the system equations (3.1) the follow-
ing is assumed:

r:l/Z j :(X/@Xl+ruz)dt ............................................................ (3. 3)
and it is assumed that the structure of the weighting matrix is unknown.

In similar way, the following system equations for the system parameter variation are
obtained from the egs. (2.8) and (2.11):
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e? = e‘{

X,=AX,+A. X+-du,+b.u }
y.=c'X;

Combining egs. (3.2) and (3.4), the augmented system equations are obtained such
that,

X=AX+Bu, X(t)=X(0) y

y=CX ’

where X and ;\;(0) are (4n—2) dimensional vectors and # and y 2-dimensional vectors

defined as:
Y=(XX) ,  XO=0X0),X.0)7
u=lw,u) ,  y=(y,3.) }
and 4,B and C are respectively (4n—2)X(Un—2), (4n—2)X2 and 2X(4n—2) matrices
defined below:

The vectors Xr,u#, and Y. are called the trajectory sensitivity vector, the control sen-
sitivity vector and the output sensitivity vector respectively.

On the other hand, if the control « depends on a parameter r, the cost function of
eq. (3.3) will be a function of .

Here, the performance index sensitivity is defined as:

Ji= I/Zf:[(XT’Q’X+X’QXT)+(6’7'Q’h€+€’Qh€7) +(€.Q" 14 X+ X"0ye,)
+ (X1lQ14e+e’Q14X7) .+.. (MT’ru.{_u/ruT)]dt ............................................. (3_ 6)

J¢ represents a measure of the sensitivity of J with respect to variation of the para-
meter r. Since the system trajectory also depends on r, it is reasonable to introduce into
another sensitivity function as trajectory sensitivity defined by :

To=1/2 j‘:[(X,'QX,+e7ch,) + (€ Qut’ Xo+ X Qi) 0, 7UJdE <ooveeeernes 1))

In order to include sensitivity in a general index, the usual performance index is
augumented to inclue both performance index itself and trajectory sensitivity function.

As the output is a linear function of the estimates of the state variables, the augume-
nted performance index is taken to be,

J=T 0] 4B A ('Q 15 X+ X'Q0e)

=1/2 :(E’Q)St’ﬁ@ﬂf ......................................................... (3.8)
where 0. 0 (
= [ @@ 7 e —[ rior
Q [ Qz':Q3 J Han-1) R oriB% \} ................................. (3.8a)
with

Q= 9. S Q,=[ P8 0Qu = [ BQ 3y
' [ J 2 [DQ’M 06 ] 9 [32Q'34‘32Qc ]
The weighting coefficients p and g permit the sensitivity functions to receive differ-
ent emphasis. It is easy to see that R is postive definite if and only if the weighting

constants p and @ satisfy the inequality such as Bt
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Appling the conventional optimal regulator theory to the generalized egs. (3.5) and
(3.8), an optimal control law is obtained as:

u=—FX
e RLB/PX ceoreernsssss et (3.9
where P is the positive definite (4n—2)-square matrix solution of the Riccati equation,
A'PHPAHQ=PBRIBIP wovvvvssssssssssissssnssseniss s (3.10)
and the optimal value of the augumented performance index is given by,
J=1/2X(O)PX(0) wsevrseerserssessssmmsosssnsssusssun i 3.1D

Let us consider before proceeding a few point about the solution for the augumented
performance index J.

As the pair (4,b) is completely controllable, the positive definite P, is obtained from
the eq. (A-5) in Appendix and it is well known that A,~b;R-'P, has eigenvalues with
negative real parts. Also, it is obvious that P, is the solution of the Riccati equation
when the state variables can be directly measured. Simlarly, since E is an stable matrix,
the solution of eq. (A-6) is present.

From the above mentioned facts, it it easily known that the soution of eq. (3.10) are
asymptotically stable and J is finite.

The optimal control of eq. (3.9) is rewritten for the implementation practical system

as :
[“] = _(FIIFH] [X .................................................. (3.12)
Ue ’ F, 21§F 22 X‘T i
Using the above equation, the closed loop system equations become,
X=(A-bF) X, —TFuX, X=X o (3.13)

XT= (Z—EFm—FFzz)Xf + (A’:—E;Fn‘—’l;’Fu)ﬁ Xf (t0) =X: ()
4. Some properties of the augumented performance index

From the facts mentioned above, a natural question which arises is whether the cont-
rol law of eq.(3.9) can be exactly constructed from the estimates of the state variables.
In this section, one consider some sufficient conditions for which the weighting matrix
@ must satisfy.

From the egs. (2.6) and (2.7), the estimates of the state variables are obtained as:

X=X+ne } ..................................................................... 4.1
X, =X.+ne,
or
)N(=nW—l—my ] ..................................................................... (4. 1)
X.=nW,+my,
Substituting eq. (4.1) into eq. (3.12), the control law is rewritten as:

u [ Fu X+ Fyne+Fip X, + Fine., ] @9
U, Fyy X+ Fyme+Fop X+ Fonie., J ‘
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/

On the other side, combining the egs. (3.5¢) and ((3.8a), the eq. (3.9) expressed as
the another form as :

{ u ;_\_1_{ ﬁz,zvfﬁz,z“',—prz'] (PP, ] [i‘r J
U, 3

! S\ prBr-prb, 7l ) | Py P, X,
[ FyuX+Fe+FX +Fe, “ws
N FuX+4FetFuX+Fe, '
where &=7%(B2—p?) and P is partitioned as,
2n—12n—1 n n—1

P=( b ) P=0an )
e, re )

and
Fu=(8%0'N,+Bx' ,.L'\—prb'L') /£, F,=(B%b’'M,+Birb’ . Ly—prb’Ly) /¢
Fo=(B%b'Li+B%b’,0,—orb’0y) /&, F,=(B%b'Ly+B%b’ .0,—porb’0,) /€
Fop=(—orb’My—orb' . Li—~rb'L') /§,  F.=(—prt’My—oprb, . Ly—rb’Ly) /€
Foy=(—prb’'Li—prb’,0,—7rb'0,) /&, Fd=(—Df’b'Lz—Of’blvoz—fb’oz)/5

In order to be expressed the control law as the state variables, eq. (4.2) must be ag-

reed to eq. (4.3) precisely, i.e.,

F.=Fn

Fy=Fn

F.=F,n

FimmFoit vttt e (4.4)
and from the eq. (4.4) the following sufficient conditions are naturally derived.

M,=Mn

Ly=L'n

030007 eeeeeereeeee i e ae e s (4.5)

Also it is not difficult to obtain the necessary condition if the structure of & is known,
but here one continue a duscussion about the properties of the weighting matrix under
the sufficient conditions obtained above.

Inserting egs. (3.5a), (3.5b), (3.8a) and (4.3a) into Riccati equation of eq. (3.10)

generates the following four equations :

AP+ A1 Pyt Py A+ Py, 0= (10,5 Pyt (0,6, 410, )P1y) £ wvnenes (4.6)
APyt A? Pyk- Py ZA-0y= (10,5" Pyt (0,57~ 10,57 ) Py) [€ +v+ervverneessuneen 4.7
APyt Py Al AP A0 == W Prot (W A0 BT ) Prg) [ oo (4.8)
APy Py A4-03= (w0, 5Py~ (0,07, 410ahT Y Py) JE  woevvvvveeaviinnirinanninieen (4.9)

where ~ ~ ~
W,=R% (Pib+Pyb,)—prPb

10,= B (P'h+Pyb) —pr Pb
wy=—pr (P Pyb)+rPh
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Wa=—pr (P'3b+Pyb.) +rPgh
From the eqs. (4.6)~(4.9), the weighting matrices are derived as (Appendix) :
Qi=Qn+M,;(An—nE)
pQu=0p@n-+L,(An—nE)
Lo =R +0,(An—nE) e (4.10)
with LiAn=M;An=0,4A.n=(0], i.e.,

and

| H
l I an—ﬂ
1
As is known from the eq. (4.10), the weighting matrice Q:s, @i, and @y are obvious-

ly a function of eigenvalues of observer. If the observer eigenvalues become large
these weighting matrices also become large, that is, it can be said that the augumented
performance index defined in section 3 contains an information as to the observer
characteristics.

The rest weighting matrices @, @ and Q. are so selected to satisfy that the weight-
ing matrix @ is to be positive definite.

With the determined Q,, @, and Q. the matrix M; is directly obtained from the eq.
(A-7).

5. Conclusion

This paper is studied with respect to the new and refined approach to the design of
optimal regulator when some of state variables are not measured directly.

The optimal control is synthesized in such a way as to minimize not only the basic
cost function but also the generalized performance index with the consideration of the
trajectory sensitivities.

Furthermore, it is discussed for what performance index the control law using the
estimates of the state variables is optimal and for the relation between the weighting
matrices and the eigenalues of the observer, and a sufficient condition is derived.
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Appendix

Substituting the partitioned from ofmatrices A, 4., and O into the eq. (4.6), it foll-

ows that,
A'M, A'M, A'L' A'Lz MA : M:E LA 0. Q Qu
[E’M’ E'M, J+ 0 ] [M',,A ME ]+[L' A0 +[QG;;'Q,. ]
=17 .Aka..l...kﬂ 3
EL Rlagkag /e (A-1D
where
A1 Ay

Euy= (B2 Mbb' + B Lib, b —pr Libb’ Y My+ (Bir Mbb', + B2Lib. b, —pr Libb’ ) L/,

dy
+ (7 Lybb’ —pr Myb,b'— prLib 0" L',
kz':( ,41 )M2+( .42 )Lz
+( yifs )L,

kas=(Br M’ ,bb"+-B% L’ 36,0’ — pr L’ 360" M+ (B2 M’ 200 .+ B*r L'%b. b’ .
—orL!bb’ YL, +rL’bb’—prLsb.b") Ly
Using the sufficient conditions of eq. (4.5)and eq. (A-1) together, the following re-
sult is obtained:
Qua= QN+ My(AR—RE) 4 LyA gt oo vessranssreensesesioecnennninnissnceneees (A—2)
similarly, eq.(4.7) is,

[ A'LyALy Y | [ A0/ A' 0 ] . [ LA LzE] [ stme]

E'L'yE' Ly ) 0 ¢ 0 014 Qs

kblv,': kb2 N
L7, A L E [

where ” -

ko= (B Mybb + B Lib.b'— or Libb’) Ly-+ (B Mybb',+ B Lib, b, — prLibb’ 0,

73
+ (7 Libb" — p Mbb' —pLab, )0,
kye=( (3 )Lz‘i'( 23 )0,
+( 73 )0

kog=(B2rM'bb’ + B2r L.b,b' — pr L’ ;bb") Ly+ (B2 Mbb' .+ B2r L' b, b' . —pr L/ 3bb’,) 0y
- (—prM’ b’ —orL’ b6’ +rL,bb")0,
and eq. (4.9) is,

[A’01 A0, J + [ 0,4 i0,E ] + [ BQ BZQ“] %[ kakay ]

07, A0E B3 Byl Rasikas

F/O/ ' /03
where & &

= (LI bb’ + Brr0.b,b"—pr0,66") Ly+ (B L/ \bb’ .4 Bor0:b b’ ,—~pr0:6b’ ) 0,

€3

- (Zpr Mbb' —pr L' gb, b+ 7L 3bb") 03
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kg=( &1 YLy+-( €2 )0,
+( €3 )0
Ras== (@2 L 3bb! + B0/ yb, b’ — pr0/ybb’) L+ (B L/ ybb’ + B¥r0!3bb’ —pr0’sbb') 0
+ (—prL! b’ — pr0’bb’ —r0’5bb")0;
with the same way, the following results are easily obtained:
pQ14=an+L1'(An—nE) ......................................................... (A—5)
By =B A0y (AR—RE) eerevseessesesssessisssssiss s (A—6)
Furthermore, the upper left, the upper right and the lower right part of the equations
(A-1), (A-3) and (A-4) together imply,

APy P Ay FQmPrb Ry Py evvseesevssessenssssinsssssisiscenens (A—T)
A7 Py PyE L QumP b R [ Pyrervesvssesensesessosnsisssss s (A—8)
E/Py 4 PyEA-QumPyb R Py wovereresesssssssnsinntin s (A—9)
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