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Abstract

If K is a nonempty, bounded, closed and convex subset of a reflexive Banach space,
and if K possesses “normal structure”, than every nonexpansive mapping T of K into K
has a fixed point. This result, also proved independently by F. E, Browder and D.Géhde.
In this paper, putting the necessary definition and Lemma to a fixed point theorem, the
author tried to explain a fixed point theorem for locally nonexpansive mapping in
Banach space and to expand the above theorem and furthermore that of Hilbert space.
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1.

K= Banach space B2] nonempty, bounded, closed, convex subsete] 77, K= normal stucture
el Ko B3+ 2 nonexpansive mapping 7%= K¢ <o R fixed pointE zi=vh, o] #Eif=
F.E.Browder ¢+ D. Gohded] 2sx) @iy oz RS < e,

Kl A vh&e wiE St sd,

1) B= Banach spacec] 51, Ki= B2] weakly compacts] convex seto]} Euj
T:K—Ko} locally nonexpansive mappinge]™ T3i= Kelol Al fixed pointE- 7H=tl,

ii) X*= reflexive Banach spacec] 3., X219 closed convex set Hell B3} 7o) o]l #HFa
closed convex subset K& Ew)

T: K—Ho] locally nonexpansiveo] 7,

T: oagK—Kol®, Ti= Kol A fixed pointE zHi=v},
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iii) Hi¥= Hilbert spaceo] 3, Ki= FHRSl closed convexseto] 2} E]
T: K—Ho] locally nonexpansive mappingel®d, |l Tx,—x, || =min|| Tx,— |l 15 x.ck7} #F

yek
piiking )

I. =% WohER

8(A)E= A9 diameterd FEn .
B 6(A)=sup {=x—yl : x,yeA}
H9} K= Banach space B9} subseto] 3
H= boundede] v}
r(H)=sup (|| x—yl :yeH}
r(H, K)=inf {r.(H) :x¢k}
c(H,K)={xck: r.(H)=r(H,k)}
Banach space BS] convex set ¥7} normal structured ZH=vhs A& Xo] FHol4d EIdde
& AR convex set H7l r.(H)<s(H)ol H =& xeHE @adw] 5 dtt.
U@z;r)= ukg r>06] %38 Z9] spherical neighborhood& #R3kc}.
UGz ={xeX: || z2—x || <r}
Zre Wy o g
Uz ={xeX: || x—x || <7}
Def  Xe]Banach space B¢} nonempty subseto] 2} 313k, T:X—Xo] Xell 4l EE x, yol] #ste]
| Tx—Ty|| <Kl x—y|l o1 %% K=10]% nonexpansiveo] &3k},
Def Xo)Banach space X¢] nonempty subseto] @t sk, T:X—-Xo] Xell4] EE x. yol #3}od
I Tx—Tyll <Kl x—y 1l 9 %% 0<K<le]® contractione] 2} &tv}.
43BE3}A] nonexpansive mapping proper subset class© 24 RE contraction mappingd] €&
Fo}h, 225 o] B RE d£449 collection®] proper subclass¥ 2 2 o] &5,
Lemma K& Banach space B¢} weakly compactd] convex seto]z} atw C(K)i= Z2e] obd
closed convex seto]t}.

MY xekst HARE nol H3ld
Flemy=(yde: 1| 5=y 1l SrG+ —-)
olzk &}, oln] C,= Qk F(x.n)2 72¢] o}yl closed convex sete] v},
C.0C (n=1,2,)°]%}
22 K¢ weakly compact¥:9] fFHo= Q C,#po] a9},
o A C(K)=QC,.% 73 &3}et,
Lemma K& normal structure® Zr= weakly compact®] convex sete] & 3t+}.
olw] s{c(k)]<a(k)e] =t
=8 K= normal structure® ZA 5z 2. we(k)ol 2 I

lz—w || <7.(R)<6(R)
olBnFE

sle(k))=sup { |l z—w || 52, wéc(k)} <r (k) <r.(k) <a(k)
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| 3.1 [8]X= Banach spacec] 7, Ci= X¢] compact convex subsete] o} 7.
T. C—>C0] nonexpansive mappingel® T Cqtell A fixed point Zh=v}.
T 3.2 Bi= Banach space¢] 7., K= B¢ weakly compact®] convexseto] &+ w3}, normal
structure® zF=tl s St}
T: K—Ko] locally nonexpansive mappinge]™ Ti= K<tell 4] fixed pointd: ZH=vl},
2, p=[ X5 TX.CXooll A Zolufji= Kol ¢lo]Ale] o] ol closed convex set Xoo] fel

OU1 Z"_E r,}_

Zornel #MS FJNIshel p¢ minimal set X fifed A o] ®AXA 1HA AL @A
vh Fe X 23t o) g uggebast A
X= weakly compactql convex sete] B2 c(X)#do] vl
xee(Xyoll  Hpetel, e yeXE Wt | Ta—Tyll < lx—y || £r( X)=r(XD= *H
T(X)CT{yeB: )| Tx—y I} £r(X)}j=se] el
vha] T(XN )X se] v
K= 0] minimal #fel ni, XosE 2t o)A Tre(XE wralsh
Xcoselw, Y (XD)SY(X)e]H
A etell &she] Y(X)ZVr (X)o7
Vr( X)=0(X)7} Sle).
Tx te(X)E o=k
el 5 X7 20l A {nrdhelaskad
p] Fe] Xwvl seis] 2o c(X)7b fEfedkel. Xe mnimal{fel e
oElmR X Lheleh o] giel Te FR@jsielth.
X¢} subset HS} Kol ¥zhel, ayki= Holl BiBfs&= K< ] boundary3 #FKHel.
H—K= Keoldl ¢l+= He| pointZ Frieh. Kol closede]
auk=1{zck: U(z;r)N(H—=K)*¢r>0}
w1 P13.3 X= reflexive Banach spacec]s., Xot¢] closed convexset He) BgaF Z2o} ohd 47
ol closed convex subset K= normal structuree] = %7k
T: K—He] locally nonexpansivee] i
T: auK—Kel®
T Koto) A fixed pointE zHi=th
glo] Zwnle & H=K% Fo [1)9 Aelm BEvh o Az e g% An Qs AR H=X% ¥
BEA 9l o] e},
=pf B= He] 2= closed convex subsets] fieli, ReB, RNK+¢
T: RN K—-Ro)&}3kA}
oA HeB, B#¢
[R.) = Bell a4l gtel descending chain ¢] 3, R=N.R.cl¥} 574
R K nonemptye] 3., A1 3 R N K9 2= 21> X°] nonempty weakly compact subsetolﬂﬂ}_
4] BE ad] #ohel
T: RoN K—Rpo] 5.
#iris] T: RNK—R

R+ closedel 7., convexe]y] 7,
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ReB, 2.8]7 zorn®] #H@olA B minimal element® Z:v},
R= Be] minimal elemente] 2} 519 3 2] 0,K#¢S A 8],
& Xoe® RCKY T: RNK—R:= T: R-Ro =& a4 3k},
AFE o(RNKI>0 olelely 2 Bee od=v),
p=p(RNK)ele} 3} K= normal structures Ztolu 7t & CeRN Kol ZA 5}
sup{llc—Z || : ZeRNK}=r>p
C={xeX: RNKCU(x;n)}el2} F4b. Ci= closede] 3 convexdlo] 47 o < o5, =aA CR
NG (RNONK+#po] vk, d4 & xyeRNKe] S fa—y | >7r, 284 && Co elements}
5 g a2sfm2 RNCE R proper subseto] o},
RNCeBE w3 drozy Frie] st4Ewh. 287} ofn] (RNONK#6L S kst
T:(RNONK—-RNCA A& & A7} 9+
ze(RNCYN Kol
W=U(Tz;r)NRel 2} S,
WeBol=, WCR, R minimale]\] 7}
W=R el RNKCRcCU(Tz;r)e] 48, d7A TzC =3\ 7.
T: RNK-R
A2 23k 4b&3w T«eRNC
2 EE BE 22(RNCONKe] o shed
WeBolw T:(RNCONK—-RNC
oAl Bi7l S AL AAINEEH Fuio] 4,
A xeWNKelY xeRNK:
lx—z] <7 (ZeC)
AAN N Tx—Tz| <r, TxeU(Tz;r)
a8 xeWNK 94 xeRNKoll 838}, 2837 of 714 TxeR
a8 g TrxeU(Tz;7)NR=W,
T WNnK-w
B apkFEPel b, 22 WNK#de] w8}, o] & 1] 931,
yeagko]l™ yeRN Kol ll;v z| =7
2 He, ol | Ty—Tz|| sre= 25z, zamnz TyeWolr).
2 QA apkCoxks Tyekol W& A4 He TyeWNK, WNK+po] = #ez p(RN
O>0F 7145t RNCeBA A& 5zpkste),
2822 single point& ksl
p(RNC)=0,RNC=T:5,K—K
olm @z Toleo)l fixedo]t},
Schaudere] @& @Bol 4 oh-go] EHE F#s2 s},
SEHL 3.4 B Banach spacec] 3, X% compact convex seto] 2} 3},
T:X—Bo] <A ate]

| o—~Tx, || =min || x—Tx, ||
xeX

o] H¥ x,6X7t FEAES
# 3.5 H= Hilbert spaceo] 72, K= #5al closed convex seto] 2} Fx},
T; K—He] locally nonexpansive mappingo] &
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W Tx,—x, | =min || Tx,—n||
yek

B xcHe] ¥fehe] lz—x || rmi/n I y—x o] ¥ zekE PxZ e},
yek

(f7fEskel, —{el 2% WirD), Pxi= nonexpansiveql A7teleh, o714 Keld Kool 4bs)
PT= nonexpansivert §lvh. F 3.2% fllJfIgte] x,=PTx,0] 5 =00 xacke] T4 Thef,

oA 71 A g weel I Tae—x, |l =mz}n | Tx,—x 1l & Hod T4 21 WSt
Ve

V. &

Ts} K& r] Ko =9 locally nonexpansive mappinge]l® % 3274 pzst™ T7F TGuk)CK
wi= Ki 3] Hejl 9] A} 4bols] s 3.30] ==zl WISk, F 3-2¢14 Banach space7}
Hilbert spacedl 7% £ 3-5°0.% HuE== Aol Brisieh.

E

#nzd

M1 W.A.Kirk, A fixed point theorem for mappigs which do not increase distances, Amer Math
Monthly,72 (1965), 1004—1006,

2] W. A. Kirk, Fixed point theorems for nonlinear nonexpansive and generalized contraction mappings
Pacific J. Math, 38(1971), 89—94.

(3] Y.Kijima—W. Takahashi, A fixed point theorem for nonexpansive mappings in metric space,
Kodai Math Sem Rep., 21 (1969), 326—330.

4] H.V.Machado, Fixed point theorems for nonexpansive mappings in metric Spaces with normal
Structure, A thesis for the doctorate, Chicago University(1971)

75) W.Takahashi, A convexity in metric space and nonexpansive mappings 1. Koda Math. Sem.
Rep. ,22 (1970)

*61 F,E Browder, nonexpansive nonlinear operators in a Banach Space, Proc Nat. Acad. sci, 54
(1965), 1041—1044.

[7) R.P. Phelps, Convex sets and nearest Points, Proc. Amer. Math. Soc., 8(1957), 790—797,

8] W.G.Dotson, JR and W.R.Mann. The Schauder fixed point theorem for nonexpansive
mappings,
The Amer. Math. Monthly Vol.84, No.5 May (1977) 363—364,

[9) S.H.RHEE. A NOTE ON PSEUDO contractive mappings, Bull. Korean Math. Soc. Vol. 14,
No. 2, 1978.85—88,

— 49 —



@)Collection |




