Differences between box topology
and product topology
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Abstract

In this paper, we introduce that a base for the box topology for the cartesian product
set TI{Xa;ae A}is the family of all sets TI{Ua«;a= A}where U« is open in X. for each «
in A.

From the definition, when A is finite, the box topology is identical with the product
topology. When A is infinite, situations are different. I will work mainly with the case
when A4 is infinite.

It is shown that the convergence of sequences is not preserved by box product;If 11X«
is connected then each Xu is connected. The converse of this need not be true. And ITX«

is compact iff each X. is compact and all but finite number of coordinate space are
singleton.

Definition 1. Let(Xs, T«) be a topological spaces for each ac A.

A base for the box topology on II{X«;ac A} is the family of all sets of the form
IH{U«;as A} where Ua= Tu for each asA.

It can be easily seen that the family of such sets actually form a base for a topology.
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When A is finite, box topology and product topology on ITX« coincide from the
definitions. In general, box topology is finer then the product topology. When A is
infinite, box topology is quite different from the product topology.

In the following P and T denote the product topology and the box topology on
I{X«;ae= A} where each (X« To) is a topological space, respectively. I also adopt the
convention that the space ILX« means the space ILX. with box topology other wise
specified. ,

There are some properties common to both topologies as shown in theorem 1,2 and
lemma 1.

Theorem 1. Each projection from a box product space to its coordinate spaces is
continuous and open.

Proof; Each projection Pe:(I1Xa, P)— X« is continuous.

Since T is finer than P, it is clear that Pa:(IIXs, T)— X« is continuous for each
acA,

And then, to show that each projection is open, it suffices to show that images
of basic open sets are open.

Let V=IIU« be a basic open set. Then Pa(V)=Ua« which shows Pu(V) is open in
Xe.

Of course, box topology is not the smallest topology that makes each projection
continuous unless the number of coordinate spaces is finite. And as the following
example shows it need not be the finest topology that makes each projection open.

Example 1. There is finer topology than box topology, which makes each proection
open.

In R*=RXR(product topology=box topology)$={(a+t, b+t); 0<t<r, a,beR,
r>o0}. Let us denote {(a+t,b+1);0<t<r} by Vabr, if % belongs to VabrnVa’b'r’
then * belongs to Veds, where max (a,a’)=c max(b, b’)=d, s=min(a+7r--c, a’+r'—c),

as shown below. With the aid of example 1, finest topology(makes each projection

'R
> (8 +1,b" +1')
P.un.” e e j
open ‘o
) T O/ ( 4r,)
ase (@p) BT ;
(@v) /
C 0 - ?‘R - 7:1
open
(Tig-1)
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open) includes properly box topology.
Lemma 1. If A«CX., then NA:=TT4«

Proof; If x belongs to I14. then for all V{x), V() DA«#¢ and then Xa=Pa(x),
"Ua2%a, P Y[ Ua(xs)] is nbd. of . P (Un(Ga)JNTTAas . And 50 Up(%e) N Au# ¢
and then x belongs to Z,..

Hence x=_(xy,-) belongs to MZA,

Conversely, x&MAq—%eE Ae—"Up(Xa) N Aa#6. On the other hand, U; arbitrary
basic nbd of x, U=TTU«(Uq; nbd of x,), UNIA.# ¢. Since UaNAs#* ¢. Hence
xeI14,.

Theorem 2.  If A,CX, for each a=A, then 114, with box product of Aq(subspace of
Xo) is identical with the subspace 114, of I1X,.

Proof; Let(I14a, T:) be the box product space of A, and(I14,, T,)be the subspace
of box space IX,. UesT, iff U=I1Vy; Ve open in Ay, Va=U;NAy, Use Ty
U=11(U,N Ay
=H(Ua) N (HAaf)
@ U={1U») N I4,) is open in 1I4,, since HUeellT,eUseT,
Corollary. Let Ay-X, for each «. T4, is dense in ILX, iff A, is dense in X, for each
as A,
Remark. LetX be box product, and x°={x3} a given point.
For each index, the set, S(x°, B)=XpX X, la#£B} CIIX,, is called the slice in
IIX, through x° parallel to X,
From now on, I derive some of basic properties for box topology.
The following example shows that the box product does not preserve convergence of
sequence.
Example 2. Let X be the space II{X,IneZ*) with box toplogy. Let a sequence{x,|ne
Z*} in IIX, be given. For each neZ*, let the sequence(x,;n=Z+} where X ={ %1, g0 )
converge to a point x, in X,, But the sequence {#,;n=7Z*}need not converge to 4.
Observe, as illustrated below, that the projection <P.(x,) of <%,> into coordinate
space converge to zero.

%1==(0,1,2,3,4,5, correereeerecnnnn. )
%3==(0,0,1,2,3,4,5, -++eceverreeen )
%=(0,0,0,1,2,3,4,5,6, ++-ce-" )

.............................................

JU I
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box topology. In fact » does not belong to 1":[1 -1,D
But if we give the usual product topology to 131 X,, then<#,>converges to #.

Since I can choose an nbd of x in product space as li (-1, 1) XI{Xe;Xe#(1, D], then

% belongs to(-1, DX (-1, D X X,p1 X Xppg Xooeees
The product topology has a nice property such as: arbitrary product of compact spaces
is compact(Tychonoff theorem). When box topology is given, many properties are
preserved only when the number of coordinate spaces is finite(and when it is the case,

box topology is identical with product topology).

Lemma 2. IIX, is 2°-countable iff each X, is 9°_countable and all but finite number

of coordinate spaces are singleton.

Theorem 3. IIX, is compact iff each Xy is compact and all but finite number of
coordinate spaces are singleton.

Proof; If IIX, is compact, then each X, is compact. Since each projection Pg;IIXy
—X,, is continuous surjection and we already knew that the continuous in image of
a compact set is compact. Hence X is compact. And now, we show that all but
finite number of coordinate spaces are singleton, assume that there are infinite
number of coordinate spaces with cardinality not less then 2, that is, A={a;[Xel =

2} is infinite.
Let %,, %', be two distinct points in X, for each #, U, be X,—{x,} and V,=X,—{#".}.

Then U, and V, are open. A={<ﬁ1 W:>W;=U; or Vi} is an infinite open cover

which has no finite subcover, because if A have ¢ finite subcover, <HW1_>, <HW2_>,
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---,<IIW#>, and let z=<z,>where z,=
{x',» if WizU,'
X; if W=V,

Then z does not belong to _L’fl1 <OW?>,
iz

Converse is clear from the tychonoff theorem.

Lemma 3. IIX, is separable iff each Xy is(1) separable and (2) all but finite numebr
of coordinate spaces are singleton.
Proof; IfIl X, is separable then each Xy is (1) separable, since PyliXy—X,, is
continuous, and continuous image of a separable space is separable.
Hence each X, is separable. And if 11X, is separable, then each X, is (2) all but
finite number of coordinate spaces are singleton, since for each s#=B where B is

{a=4;X,22), there exist Us and Vs such that they are nonempty, disjoint and
open sets in X,

Let D be a countable dense subset of X, and for all B/cB, let W; be<£IEB Ws

ie.,

(

. {Uu if ¢ belong to B’

Ve if s do not belong to B’
For example, IX, =X, X XpX XoX XX v e X Xq oo Where X, X, - X
are singleton.
A={1,2,3,4,5,6,7,8, --+ee )
82{1’395,6,8,9, ............ }

Il X,
n=1

And so, it is sufficient to showt hat (W BB s nonempty, disjoint and open.

By assumption, {Wy ;B’cB} is nonempty. Only to show disjoint, if B’ is not B,
then WB'#WB”. Since if B’ is not B” then there is % such that 4 belongs to (B’—
8.

And Poo(Ws)=Us, Py (Wsr)=Vis Uso) Vie=¢ in Xp.

And hence W' N Wrc{Uso» N < Viy=<UsoN Viod=ob.

And for all B'cB, We pick up a point ds which exists in D Wy (Wyr; open in
11X

then P(B)~D and so,

B’—dy is an injection.
Hence Z(PB)<Z(D)<Z,
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If Z(B)=2Z, then Z(PB))=2%>Z, This is a contradiction.
Thus, Z(B)<Z.

Converse is clear;since finite box product is identical with product space I{X,;as
A} is separable when A4 is finite.

Lemma 4. If ITX, is connected, then each X, is connected.

But we give an interesting example that shows the converse of Lemma 4. need
not be true.

Example 3. Let Y be the cartesion product "of the real numbers an infinite of
times; that is, Y=R4, where R is the set of real numbers and 4 is an infinite set.
With the box topology Y does not satisfy the first countability axiom, and the com-
ponent of Y containing y is{xeY; {a; x,#y.} is finite}

proof; Let x and y be points of Y whose coordinates differ for an infinite set a,
g, y @preecee of members of A. Let Z be the set of all z in Y such that for some

k, p]z<a0)”‘x(ap)]/]x(ap)_y(ap)|<k for all p, that is, Z:klijo {2eR4 Dl ze,—xap| <Kl

Kap— Yap| = ng <Ixe,— ?5\ Xap— Yoy x"P’l“_]js‘]xﬂp'—y%I >
then clearly, Z is open.

And now, to show Z is closed, let % be a element in Z, then there exsists a

element z which belongs to <H(wap—'“‘;;—!x"p—“y“pl, Wa,+~1'~-~ |xap— ya,1> and Z at the

b4

same time, )
(1) For all p, wa,,—ley lxap—yupl<Zap<wap+-§;lx«»—yaﬁl, hence zoy——p | Xap— yap
| by ey 5e= 3o .

(2) Since z belongs to Z, for all p, xﬂp_“];‘ | Xap— Yap| <2ap <xap+—§~-lx«p—yul

According to (1) and (2), xa,——";llxap—ya,l<w«:,<x«,+-—"}’lxa,—ya,l, thus w belongs
to Z.
And so Z is open and closed, #Z and y&Z,
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