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1. Introduction

Let us denote the distrkbution of failure time X and repair time Y by H(X)
and G(Y) respectively. Then the repairable component with respect to these to
distribution can be determined by steady-state availablity A=E(X)/(E(X)+E(Y)),
which is the probaility that the repairable component is in operation in the
long fraction of time.

Gave and Mazumder[3] investigated the estimation of parameters in case that
two probability distributions are specified on the two-state process in
operation and under repair. By investigating the failure of previous try and
the period of repairs, Nelsonl[4] determined the interval of prediction for the
availability of repairable component. Brender[1] worked on the Bayesian
estimation of the steady-state availability by using failure rate and repair
rate,

On the other hand, Thompson and Palicio[5] obtained a method to compute the
Bayesian interval of the availability of a series or parallel system consisting
of several statistically independent two-state subsystems having exponential of
fa%lure times and repair times.

The main purpose of this paper is to compute Bayesian estimation of component
steady-state availability. In section 2, we will investigate Bayesian
estimation of the steady-state availability for noninformative prior density
function and in section3, we will compute Bayesian estimation for conjugate
prior density function. Finally, some examples to compare several estimations
numerically will be given in section 4.

2. Bayes Eatimation for Noninformative Prior Density Function

Consider a repariable component for which the failure time X is distributed
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as H( @) with exponential probability density function(pdf)

h(x¥o@) = _71__’ exp (- BL ), 0, >0
and the repairable time Y is distributed as G( @, 8) with Gamma-pdf

gly¥ao. Bo) = Fractaeym - ¥ = expl- g5, 00, @X, B0

, vhere «(shape parameter)has a known value ao. and B(scale parameter) is
unknown value Bo.
Assume that X. Y indépendent the stady-state availability is given by

_ E(X _ -
A_EX"'EY ,E(X)‘O;E(Y)"GODBO

Then, the likelihood function of q, Tz, Tygiven

(2-1) 1(q,Tx,Ty| 8. Bo. @0) = —de— exp(—a= ) Epryya’ (F3)%
(i:’% yi )(eo-1) exp(- FTK' ),

, where g:observed failure repair cycles

Xi (Xi is the i-th failure time) : total observed operating time

Ma

Tx =_

i=

-

Ma

Ty = = Yi (Yi is the i-th failure time) : total observed repair time

i=

—

Let’s introduce some integration for calculation of expectation,

(2-2) Jg z(e~1) - exp(-az)dz = T (pla’®,

1,21 (1-g) (=51 (1-tz)-edz =T BLLLED) ok (3,15 c,1),
for 1t} <1, ¢>b >0 and

2F1(a,bs c,t) =% —H%;—i%—l ti

is confluent hypergiometric functions of Garss form for |t| < 1 with

(ai) = F gﬂ

Form Erdilyil2], we have

(2-3) 2Fi(a,b; ¢,z) = (1-z)(e-a-b) ,F;(c-a, ¢-b 3 c-z), for lz] <1
,where(a,b,c -a, c-b) is positive integer.
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Assume that MIBF in the exponential failure time distributed and scale

parameter in the Gamma repair time distribution has independent noninformative
prior distribution given by

(2-4) £(0)«—gur. m>0
(2 - 5) £(8) « gz, Bo>0, m2 >0

Then we have the following lemma.
LEMMA 2.1 The joint posterior density function of @ and B is given by

f(@,B0lq, Tx, Ty ; ao) = (Tx)(a*M1-1) (Ty)(aao*m2-1)exp[-(Tx/ 8 )+(Tx/ )]
O (a*ml) Bq(aao+m2) [" (q+my-1) I (qao+mz-1)
, where @ >0, B8 >0 and I'(-) is a Gamma function.
PROOF. From(2-1), (2-2) and (2-3), the joint posterior distribution of 6, 8o
reduces to

(2-6) f(6, Bola. Tx, Ty 5 a@o)
- L(g, Tx, Tyl 8. Bo:ao) - £1(8) f2(Be)
5y A Ug, Tx, Ty16, Bo:ao) - £1(8) f2(B0)dB0d@

e expl- =) [Frray ] Bo-t=( A yi)eo-Dexp(- 42 )g-m1g-m2

Iike-sexp(- 5% ) [Frraey | Bo-t=( A yi) w-Dexp(- 4= ) 0-=16-82d80d6

By the cancellation, the denominator of (2-6) becomes
f(OQBIQ9 TX, Ty ;a)
= J5 I3 e (erm)) g-Gaaom2lexpl-(4= + 40)] dBodo
= f: e~ (a*ml)exp(- -%) [fi,”ﬁ-(quo*mz)exp[—(%;)dﬂo]da
Suppose Bo = 1/a, then the inner integral is evaluated as
© _ . _ T
JyBo ~(auo*m2)exp ( Fﬁ ) dBo
= e (90022) o ( Ty 0 )de
y) (qaotmz—
Supose @ = 1/8, then the outer integral of (2-6) is evaluated as
Joetarmexp (- % ) d@

= 1 % (M-2eyn 15 8)dB

- F!?+m1—1!
x)(gHmi-1 (Q,E,D)
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LEMMA2.2 The posterior distribution of component stead-state availability
A=1/(1+a0 &) is given by
R(Alg, Tx, Ty; ao)

- (a %T! ) (qao+mz-1 ) A( qao+mz-2) (1-R) (q+m1-2)

= B(g+mi-1,qao+mz-1) [ 1-A (1- & ]], (0<A<1)

,where B(.,.)is Beta funtion, k=(q+m1+an+mz—2)and & = Bo s0 is the service
factor.

PROOF. First, we find the posterior distribution of & = Bo /8 .According to
LFEMMA2.1, we express that :
R6(6|q, Tx, Ty: ao)Bod-2dBo

:f:°S(BO\8,BoIq, Tx, Ty; @o)Bod-2dBo

_ (TX)(qﬂnl—l)(Tv)(qaoﬂnz—l)

" T (gm-1)T (qa+mz-1)
1/B0Ty) 1 Bod-2dBo

_ (Tx) (q+m1-lhv) (qao+mz-1)

" T (g+#m-1) T (qa+mz-1)

dBo

i B )(a#m) g=(qaotme)eyp 1 _( 5/80Tx +

15° g m*9a0g2a1) o3p [-1/ B0 8Tx+Ty) ]

Let Bo = 1/a, then we have integration with respect to Bo that
R (6Iq, Tx, Ty; a)

(rxjam-1) (pyfgaotmzl) 5 (gHmi-2) l"(q+m1+qag+mz-21

I (q+m-1)T (qao+mz-1)- ( 8 Tx+Ty)9+01+d00+02=2
(T”ml—l) (T{,gaomz—l) §atm2-2)

B(q+m-1,qa0+mz-1) ( 8 Ty+Ty) (9701 ¥Q00+m2-2)
Accordingly, ‘the posterior distribution of component steady-state availability
A =1/(1+ao &) is given by .

R(Alq, Tx, Ty; ao)
Ry [ U |omxIyiao (4

Qo

, 0<8<00

(Tx) (q+mi- IETV) (qao+m1- 1)(1_A§q+m1 -2)
B(q+mi1-1,qao+mz-1) [ Ty+Tx(A-! l/ao](q+m1+qao+mz—2)(Q E.D.)

By using LEMMA 2.1 and LEMMA 2.2, we can prove the following theorem.

THEOREM 2.1 Under a squarred-error loss function, Bayesian estimation of
component steady-state availability A is given by
Af= ;01+ 5=z - 2F1(l,qtm-13q+m+qao+me-131 - Ty,

,where 0 < aoTy/Tx < 2,2F1(a,bscst) is a confluent hypergometic function in
Gauss form.
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PROOF.Bayer estimation of component steady-state availability A is average of
posterior distrbution. From (2-2) and(2-3), we redure as follow;

A= JA h(Alg, Tx, Tysao)dA

agTy )(gao+mz-1)
[ %x ] . A(qao+mz 1)(1_A)(q+m1—2)
B{q+m1-1,qao+mz-1) fo C 1-A(1- % y)](q+m1+qao+mz—2)

[ g%ly ](qao+mz—1)
X I' (g+mi+qao+mz-1) I" (qao+mz2) I" (q+m!-1) a

I'(gtm1-1) I (qao+mz-1) I (g+mi+qao+mz-1)

[ a_%y ](qao+1nz—1) - (qao+mz-1)
- [ aoly ]-(qao+mz—l) Q2
q+m1 +qao+m2-2 Tx

_ qag+mz-1 .
q+m1+qao+mz—2 N
, where Ql=2F1{qg+mi1+qao+mz-2;qao+mz;q+mi+qao+mz-1;1-(aoTy/Tx))
and Q2 = AF1(1,q+m1-1;q+mi+qao+mz-1;1-(aoTy/Tx)).
(Q.E.D.)

3. Bayes Estimation for Conjugate Prior Distribution.

In this section, by employing the technique similar to that of the previous
section, we shall obtain Bayes estimation of steady-state availability for
conjugate prior distribution. Suppose MIBF in the exponential failure time
distribution and the scale paramater in Gamma repair time distribution have

independent conjugate density function:

(3-1) K1(0) = {275,(1/0) """ exp(- ), 0 > 0,2,b20

(3-2) K2(0) = 185, (1/88°"" exn(- 4, 8o > 0,c.a20.

Then, we have the following lemma.

LEMMA 3.1 The joint posterior density function of @ and B is given by
K(@,B0lq,tx, ty; @o)
_ (Tx+b)(9*8) (1y+q)(990*Cheyr 1 (1/6) (Txrb)-(1/80) (Ty+d)]

ola+atl) g (a@o*c+1) 1 (g4a) I (qagtc)
PROOE. From(3-1) and(3-2), the joint distribution of @ and Boe is as follow,
K(@8,B80lq,Tx.Ty; ao)

- L(q,Tx, Tyl 8, 80; @0) ki(8)ka(Bo)
I L(q,Tx,Ty1 @, Bos ao) ki(8)-kz(Bo) dBo d@

_13..
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eX 19599 Fy9) “exp 1 b 63{!)

. _exp(=b/8)(de/T (¢)) B3 *Dexp(-d/Bo)
(de/T () Bo'*Dexp(-d/ Bo)dBod O
By the cancellation

1o (wretl) gr(aaorctleg - direen) - Ltyed) 1dBodo

(2-8) =678 explL1esp) s 85 1% * Y —L(Ty+d) o |d 0
Suppose Bo=1/a, then the inner integal of (2-8) as follows;

fg%o_(qa”"ﬂ)exp[— —iﬂyw‘d) ]dBo=IS‘b(qa°+C+I)exp[— (Ty+d) ]de
- F!ga?+c!
(Ty+d) (9@ 0¥C)
and sippose @=1/a, then the outer integral of (2-8) as

15267 exp (- i1y+n)) 140 foE - Dexpl(-8 (Tysb)}]d8
gt+a

(Ty+) (972) (Q.E.D.)

LEMMA 3.2 The posterior density function of component steady-state availability
for A=1/(l+a; &) is given by
h(Alq,Tx,Ty; ao)

(aoTy/Tx) (qao+m1—l)A(qao+mz-2)(1_ASq+m1—2)

(g+m1+qao+mz2-2)

B(g+mi-1,qao+mz2-1)[1-A(1- @ oTy/Ix)]
,where B{.) is Beta-function.
PROOF. First, according to LEMMA 3.1,
S(&lq,Tx,Ty; ao)

= IK(22, Bolq,Ix,Iys @0) Bo 5-2d Bo

(g+a) (gao+c)
_ _(Tx+b) 38 (Ty4q) 9% f8°(ﬁ80_)-(1*“1)Ba‘qa°"°"“exp[— -B—iT)Hb)

I'(g+a)- T (gao+c)
- Leryed) 180572480
= (TX+h$q+a) (Tv+dsqa0+c) 8(q+a—l) fo%o-(qi-a«rq(l()i-ci-l)
I' (g+a)- " (g+c) 0
exp[- Flga(Ix+b)1733—(Ty+d)}]dBo
,where 1/8=6/Bo. Suppose Bo=1/a, then
S(&1q,Tx,Ty; ao)

(Txtb) (T°2) (Tyeq) (980+C) 5 (@*a-1) I (1asq gtc)
I (g+a) T (gao+c)[ & (Tx+b)+(Ty+)+(Ty+d)](qra+qao+c)
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(Tyeb) (948) (Tyed) (9004C) 5 (g+a-1)
B(q+a,gao+c) [ & (Tx+b)+(Ty+d)](d+a+ddo+c)

Therefore, posterior distribution of steady-state availability is as follows
P(Alq,Tx:¥y;ao)
=S[ %o—"l lq,Tx,Tysa0 ]J(A-2/a0)

) (Tx+b) (9+2) (Ty+d) (990+C) [ (a-1-1) /g1 9*3"1) (a-2/40)
B(q+a,qao+c)[ & (Ty+d)+(A-1-1)(Tx+b)/ag](d2+d00+C)

) (Tx+b) (98) (Ty+d) (990+C) [ (p-1-1) /go1(9*8 " 1p-2 /0,
B(q+a,gao+c){1-A[1-{ao(Ty+d)/(Tx+b)c}1§a+a+aeo+c)
__[{ao(Ty+d) }/(Tx+b)1°9%0%C) plago+c-1) (4 _p,(g+a-1)

B(q+a,qao+c)[l—A[1-{ao(TY+d)/(Tx+b)c}]](q+a+q?s+;)n |

THEOREM 3.1 Under the squarred-error loss function, Bayes estimation
steady-state availability A is given by

A; = T ga2 +ag o 2F1ll,q+asqratqao+l;1-ao(Ty+d)/(Tx+b)]

,where O<(Ty+d)/(Tx+b}<2,2F1(a,b,5¢st) is a confluent hypergometric in Gauss

orm.
PROOF. Form LEMMA 3.2, (2-2) and (2-3), we have following Bayes estimation of
component steady-state availability A;

B2 = JEA P(AlQ,Tx, Ty;c0)dA
Lag(Ty+d}JEp3eh))  (a00%g) p  (atagily)
Blq+a,qao+) 0 ™ [1-A{1-a0 (Ty+d)/ (Txeb) j1(TaFGB07C)
_ Lag(Ty+d)/(Tx+b)1(900+C) F(g+a+gag+c=F(gaQ+c+1) I"(qta) ¢
I'(g+ta)I' (qaotc) I (gtatqao+ctl
- [a?ézg:gg£§g§+b)1(qa°+°)(q“°+°’{ao(Ty+d)/(Ix+b)1“q“°+°’ K2
=—_48tC ¢
g+atqao+c
where K1=2F1[q+a+qao+c,qao+c+1;q+a+qao+c+ls1-ao(Ty+d)/(Tx+b)1,
and K2 = F[1,q+a;q+a+qao+c+l;1-ao(Ty+d)/(Tx+b)1. (Q.E.D.).

4 Numerical results

In this section, several numerical estimations were compared with each other.
As is seen from Table 4.3 the estimations nearest to true value considered as
those A1* and A2*- which we reduced from the above sections.

Example
Cycle Failure times Repair times
1 725.67 18.34
2 280.04 16.84
3 850.58 13.69
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4 845.76 17.83
5 195.10 16.76
6 7132.36 15.78
7 528.40 20.96
8 610.12 18.83
9 327.84 19.73
10 310.12 17.84
Table 4.1
q=5, 8=500,a0=3, Bo=5
(m1,mz2) (1,2) (3,5) (5,9) (4,8)
True A Ar* Ar* Ar* Ar*
0.971 0.966 0.863 0.957 " 0.943
Table 4.2
g=b, 8=500,a0=3, Bo=b
(a,b)(a,d) (1.5)(1,5) (2.10)(3,7) (2,5)(3,4) (3,3)(4,8)
True A Az* Az* A2* Az*
0.971 0.985 0.962 0.957 0.952
Table 4.3
True A Ar* A2* MLE
0.971 0.863 0.962 0.967
where, A1*(3,5) R2*(2,10),(3,7)
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