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Let R be the set of all real numbers. By L?[0,27] we denote the space
of 27-periodic measurable functions z : [0,'27r] — R for which |z(t)|? is inte-

grable. The norm is given by

n 2
lellze =3 / j2i() 2] /2
=1

By C*[0,27] we denote the Banach space of 27-periodic continuous functions
z : [0,27] — R whose derivatives to up order k are continuous. The norm is

given by
k
lzllce = el
i=1

where [|yllcc = sups¢o,24) [4(t)], the norm in C°[0, 2].
In this work, we prove the existence multiple solutions to the problem

(E1) 2"(t) + f(2(t)a' () + g(t,2(t)) = e(t)
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(B) z(0) — z(27) = 2'(0) — 2'(27) = 0

where f : R— R, ¢:[0,27] x R — R are continuous and e € L%[0, 2x], and

study the existence multiple solutions to the problem

(E2) "(t) + h(t,2(t), 2'(t)) + g(t, 2(t)) = e(t)

(B) z(0) — z(2r) = 2'(0) —2'(27) =0

where h: [0,27r] x Rx R — R, g:[0,2xr] x R > R and e: [0,27] — R are

continuous functions.
The existence and multiplicity of periodic solutions for some scalar forced

peudulum type has been studied by several authors and we refer to [6] for
classical results, and to [1] and [7] for recent results. In [4], Mawhin treats
peudulum-like systems with the symmetric forcing term. In [8], Zanolin give
the existence of periodic solutions of Lienard systems and the multiplicity of
periodic solution for simple peudulum equations. In [2], [3], Kim, and Kim
and Hirano discussed the multiple existence of Lieard system. This paper
is motivated by the results in 7], and our result in this work extend some
results in [7].

The proof of our results are based on coincidence degree theory and
upper-lower solution method.

For the first result, we observe that if (E;)(B) has a solution, then,

integrating over [0, 27|, we obtain, if we write, for y € L0, 2x],

1 2m

r= —
27 Jo

2w
z(t)dt, #(t)=z(t)—%, &= 51; /0 g(z(t))dt

and hence & € Cog(R).

From the above observation, we have the following
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THEOREM 1. Assume, besides the above conditions on f, g and e,
that the following conditions hold.
(H, ) there exists ¢ > 0 such that

|f(z)| = ¢
for all z € R.

(H2) there exist real numbers r1,72,51,582,0 < 537 — 11 < T,r1 < 89 < 1y <
Sl,Al S Az,Bl 2 Bz such that

1 2w 1 2m
— + 2(t))dt < A — £(t))dt > B
5 || oo <an o [ gt v atar > By

27

27
o g(ry + &(t))dt < A, and i/ g(s2 + &(t))dt > B,
0 0

2T

for every &(t) € C'[0,2n] having mean value zero, satisfying the boundary

conditions (B) such that
2 m |[€llz2
il < o/ SAME2

Then (E;)(B) has at least one solution if

A

IN

€ S Bl7
and (E,)(B) has at least three solutions if

%P

IN
IA

B,.

€

Proof. To prove our the first assertion, it is sufficient to find on open
bounded set Q in C[0,2n] such that, for each A € (0,1), the possible solu-
tions of the problem (with ¢ € (0,1) fixed)

r1 + $1
2

(Bf) 2"+ f(2)a' + (1= Ne(z — )+ Ag(e) = Ae(t)
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(B) z(0) — z(27) = 2'(0) — 2'(2m) =0

satisfy z ¢ OQ and such that 2" + ez = $(r + s) has a 27-periodic solution
in . To construct €, let A € (0,1) and let = be a possible solution of
(E1)(B). Multiplying the equation (Ef) by z', integrating over [0,27] and

using boundary conditions (B), we have

27

Sl @de = [ ane o

0

As f is continuous and |f| does not vanish, by Schwartz inequality, we have

I’ |l 2]l < éllz2
= .

By Sobolev inequality,

”5“00 < Z'IellL2 X MO-
V 6 ¢

Q= {z € C'0,2n]jr; <7 < s; and ||Z|leo < Mo}.

Let

If z is a solution to (Ef)(B) lying in Q°, then
T=I+42.

Hence
zlleo < 12| + [|Z]loo < max(|r1],]s1]) + Mo.

Since f and g are continuous, we have

[fllo <M1, [lglloo < My
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Multiplying the equation (B
27
[ erar
0

== "f(a:(t)):c'(t)x"(t)dt-i-(l —/\)5/0 ":E(t)x"(t)dt

) by 2" and integrate over [0,27], we have

2 2
—A /0 g(z(t))z" (t)dt + A /0 &(t)z" (t)dt.

Hence

e le < (P2 1)l 4 VER (M, 4 313) = 0,

Since ; = 0, by Sobolev inequality,

el < 2o,

for all possible solution of (E)(B) lying in Q9. Define now by

2
={re 0021l <z <s1, [#]ow < 2Mp, [2'], < 5 M},

Suppose z € 99, then necessary = r or s. If z satisfies (E{)(B), by

integrating (Ef) over [0, 27], we obtain

2n 2r 2T
(1—,\)5/0 (z - 2 ‘2“1 )dt+/\/0 g(z(t))dt = A/O e(t)dt.

Hence

i+ s e _
(1 —Xe(z - %) + /\[%/0 9(Z + Z(t))dt — &] = 0.
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By (H3), we have

(1 - Ne(rs = 250 + 257 /0 " g + ()t — @
<(1 - Ne(2 ;S‘ )+ A[A; — & < 0.
and
(1= Ve~ P ol [t + 20—
>(1 = ey + A[B, -8 > 0,

which is impossible. Thus (E‘) (B) has no solution on 99 when X € (0,1).

We now are going to prove nde e Q. Consider the case A =0in (Ef); e,

1+1

(Ef) z"(t) + sz(t) = & )

(B) £(0) — z(27) = z'(0) —z'(2m) = 0.
Multiply to the equation (ES) by z" and integrate over [0,27], we have
2n 2n
/ [« (t))?dt = € / [z'(t))*dt
0 0
Since
2r 2w
/ (2" ()2 dt > / [2'(¢))dt,
0 0
for 0 < € < 1 we have
2n 27
€ / [2'(t))%dt > / ['(t))*dt
0 0
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Hence z’'(t) = 0 on [0, 27],i.e., ¢ = c on [0,27]. Integrate the equation (ES)

over [0,27], then

27
e/ 2(t)dt = e LT on
0 2

or
— E(Tl + 31)
Thus
x::f:———e(rlg-Sl) EQ

Hence (E;)(B) has at least one solution in  if A; < & < B;. We now are
going to prove our second assertion. To prove the multiplicity we follow a
quite similar method which is adapted in the first part.

For A € (0,1), consider the following three problems (with ¢ € (0,1)
fixed)

(@) ="(t) + MF(a(t)a' (1) + (1 = Nee(t) — 50) + dg(a(®) = Ae(®)
(B) 2(0) — 2(27) = 2'(0) — 2'(27) = 0
Q) 2"(8) + Af(a(1)a"(1) + (1 = Ne(a(t) — Z52) + Ag(a(t)) = Ae(t)
(B) 2(0) — z(27) = 2'(0) — 2'(27) = 0
(@) =" () + Af(&(®)2'(8) + (1 = Ne(z(t) = Z21) + Ag(x()) = Ae(?)

.
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(B) z(0) — z(27) = 2'(0) — 2'(27) = 0.

It is sufficient to find three disjoint open bounded sets Q;,§, and Q3 in
C'[0, 27 such that for each X € (0,1), the all possible solutions to the prob-
lem (Q:1)(B), (Q2)(B) and (Q;)(B) satisfy respectively are not in 09,9,
and 0€23. To construct 21, and Q3, let \ € (0,1) and let = be a possible
solution of (Q;)(B). Then we have, as we did,

~ 7 ||e
T \/;UL— = M,.

Q) ={z € CH0,27)|r1 £Z < s, and |&]eo < Mo}

Let

If z is a solution to (Q;)(B) lying in Q?, then
2]l < 12] 4+ [[€]loo < max(jra], |s2]) + Mo.

As we did in the first part, we have

lz" ]|z < Mg.

™
o'l < /34

where M; depends only on ¢,r1,s2,]||é||z2, f and ¢ for all possible solutions

of (Q1)(B) lying in QY. Define now Q; by

Hence

2
= {z € C'[0,2r]jr1 < T < s3, ||#]|oo < 2Mo, ||2'||co < ?WM;}.
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Then for all z € 0Q,, as we did in the first part, + does not satisfy the
equation and, for A =0, wehavez =z = 51%1 € ;. Therefore the problem
(E1)(B) has at least one solution in ;.

Similarly, we can construct open bounded set

2
Qy = {2 € CY0,2n]|ss < Z < 2, ||E]loo < 2Mo, ||Z]|oo < ,/—3’EM;'}

where M;' depends only on ¢,ry, s2, ||€]| 2, f and g, and

2
Q= {z € C[0,2]|ra < 7 < 51, |l#lles < 2Mo, ||]lo0 < \/—371M;"}

where Mj3' depends only on ¢,r2,s1, ||é||z2, f and ¢, in which the problem
(E1)(B) has at least one solution in €, and Q3. Since Q; NQ; =0, i,j =

1,2,3, i # j, we has three distinct solutions.

Example 1. Suppose f satisfies the conditions of theorem, e € L?[0, 2],

and a,b > 0. Then if
> \/E__”eﬁ_
~ V 6 min;=; 2 d;

where

|sg — 71| |r1 — s +27r|}
2 ’ 2 ’

dy = min{

. ro — 82| |s1—1
dlzmm{ |2 2| |12 2|}a

2 b

and r; and s; are respectively points at which a sin +b sin 2z has maximum

and minimum such that

[asinry +bsin2r] = —[asins; + bsin2s,],
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and rs, sy are respectively points at which a sin 4 bsin 2z has relative max-

imum and relative minimum such that
[asinry + bsin2ry] = —[asinsy + bsin2s;).
Then the problem
" + f(z)z' + [asinz + bsin2z] = e(t)

z(0) — z(27) = 2'(0) — 2’ (27) =0

has at least one solution z with € [s; — 2m,r;], one solution z with z €

[r1,72], one solution z with & € [sg,7;] and one solution z with z € [rg,s1].
To prove our second arrertion, we assume
h(t,z,0) =0
for every (t,z) € [0,27] x R and that there exists some T > 0 such that
otz +T) = g(t,2)

for every (t,z) € [0,27] x R.
We will say that A in problem (E;)(B) satisfies Nagumo-type condition
on [r, s] if there exists a constant ¢ > 0 such that for each A € [0,1] and each

possible solution of

(E3) z"(t) + Ah(t,2(t), @' (1)) + Ag(t, 2(t)) = Ae(?)

(B) 2(0) — z(27) = 2'(0) —'(27) = 0
satisfying r < z(t) < s, t € [0, 2~], we have

le'lloo < c.
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Examples of admissible h are the following ones:
a) h depends only on z'
b) |k(t,z,y)| < v(|y|) for (¢,z,y) € [0,27] X [r, s] X R where 7 is positive,

continuous and such that
/ * sds 4
— = 400.
o Y(s)

Now we have the following

THEOREM 2. Assume, besides the above conditions on hand g there
exists there exists real numbers ry,r3,51,82 with r; < s; < rp < s; and
0 < sy —ry < T such that

g(s1) < g(s2), g(r2) < g(r1)

and h satisfies Nagumo type condition on [s; — T,s]. Then (E;)(B) has at
least one solution if for all t € [0,27],

(I) g(t:s1) S eft) < g(t, 1),

and (E3)(B) has at least two solutions not differing by a multiple of T if, for
all t € [0,2n],

(12) g(tv‘sl) < g(t,32) S e(t) S g(t,?"z) < g(tvrl)a

and (E;)(B) has at least four solutions not differing by a multiple of T if
strict inequalities holds in (I).

Proof. Suppose (I;). Then, for all ¢ € [0, 27], we have
e(t) — g(t,r1 + kT) — h(t,r1 + kT,0) = e(t) — g(t,r1) <0

e(t) —g(t,s1 +JT)— h(t,s + JT,0) = e(t) — g(t,51) 2 0
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with strict inequalities if they hold in (I;). Hence by Mawhin’s classical
results, there exists, by taking k = J = 0, at least one solution z;(t) of
(E2)(B) such that ry < z(t) < s1.

Now suppose the strict inequalities holds; i.e., for all ¢ € [0, 27].

(I'1) g(t,s1) < e(t) < g(t,m1).
Now, if we define
L:D(L) CC'[0,27] — C°[0,27]
T — x”
where D(L) = C?[0,2n] and
N :C'0,27] — C°[0,27]
37 s

Then L is a Fredholm mapping of index zero and N is L-completely contin-
uous.

Let

Qk,g = {z € C'[0,27]|r1 +kT < z(t) < $1+357T for t € [0,27] and ||z']|e0 < c}.

Then the boundary value problem (E3)(B) becomes
Lz — ANz =0, A €[0,1]

and when the strict inequalities hold in (I; ), the following coincidence degree
exist and have the corresponding values, where exist and have the corre-

sponding values, where dp denotes the Brouwer degree, and

DL(L - N, Q0,0) = dB(Fa (7’1,31),0) =+1
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Di(L—N,Q_y_y)=dp(T,(r; = T,s; — T),0) = +1
Dr(L—N,Q_1,) =dp(T,(r1 — T,s1),0) = +1
where (Tu)(t) = 2= [2"[e(t) — g(t,u(t))|dt. But

QooNQ_1,-1=0

and
Q0,0 € Q_1,0, Q1,1 CQyp.

So that the excision property of degree implies

1=Dy(L—N,Q_10)=Dr(L-N,Q_1_4,0)
+ Dr(L — N,Q,,0)
+Dr(L — N,Q_1,0\(Q=1,-1 U0y))
=24 D(L=N,Q_10\(Q-1,_1 UQo)).
Hence
Dr(L = N,Q_10\(Q-1,-1UQgp)) = —1.

Hence there exists a solution z; such that, for all t € [0,27], r; =T < z2(t) <
s1, 2(7) > 81 — T for some 7 € [0, 27] and z5(7') < r; for some 7’ € [0, 27).
Consequently, this solution cannot differ from the one in Qg o by a multi-
ple of T. Hence (E;)(B) has at least two solutions not differing by a multiple
of T if (I'7) holds.
Now suppose (I3). Then, for all ¢ € [0, 27], we have

e(t) — g(t,s1) — h(t,s1,0) = e(t) — g(¢,51) >0,

e(t) — g(t,r2) — h(t,r2,0) = e(t) — g(t,r2) < 0.
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Hence, there exists at least one solution z1(t) of (E;)(B) such that r, <
z1(t) < sy for all t € [0,2n]. Again, for all ¢ € [0, 27], we have

e(t) — g(t,s2) — h(t,52,0) = e(t) — g(t,52) 2 0,

e(t) — g(t,r1) — h(t,r1,0) = e(t) — g(t,71) < 0.

Therefore, there exists at least one solution z2(t) of (E2)(B) such that r; <
r2(t) < sg for all t € [0,27]. Since r; < s2,79, $1, two solutions are different
and moreover two solutions can not differ from by a multiple of T because
0 <s;—r1 <T. Since g(t,s1) < e(t) < g(t,r1),as we did by the coincidence
degree, we have a solution z3 such that, for all t € [0,27], r; — T < 3(t) <
s1, 23(7) > 83 — T for some 7 € [0,27] and hence z3(7) > s; — T, and
z3(7") < ry for some 7' € [0,27] and hence z3(7') < r;. Therefore the third
solution can not differ from z1, 23 in Q9,9 by a multiple of T.

Consequently, there exist at least three solutions of (E;)(B) not differing
by a multiple of T. '

Now suppose the strict inequalities hold;i.e., for all ¢ € [0, 27],

(1’2) g(t,sl) <g(t332)< e(t) <g(t,r2) <g(t,7‘1)-
Note that, for all ¢t € [0,27], we have
e(t) —g(t,si + kT) — h(t,s; + kT,0) = e(t) — g(t,s;) >0

C(t) - g(t,ri +]T) - h(t,T,‘ +]Ta 0) = e(t) - g(t,'r‘,-) < 01 1= 1,2

Then clearly (E;)(B) has three solutions z1(t),z2(t) and z3(t) such that
r1 < z1(t) < s2, 82 < 22(t) <71y and 1y < z3(t) < sy, for all t € [0,27], and
they are distinct and each of them are not differing by a multiple of 7. For

our fourth solution. Let
Q> = {z € CY[0,2n]|r; + kT < a(t) < sj + 3T, t € [0,27], ||2'[|oo < ¢}
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QY = {z € C'[0,21]ls: + kT < a(t) < r; + T, t € [0, 27), ||z oo < )
(k < 1), where c is constant given by Nagumo condition. But & = Q<} 2>,
=% 0 = 0 0, = 00 0, = Qe Qe =321 are

mutually disjoint subset of in,(lf and
Di(L - N,Q%1”) = dp(T,(ry = T, 51),0) = +1

Di(L - N,) = dp(T,(r1 — T, s, — T),0) = +1

Dr(L - N,Q,) = dg(T, (s _ T,ry —T),0) = —1

Di(L — N,Q) = dg(T, (r; — T, 81 — T),0) = +1
Dr(L ~ N,Q4) = dp(T, (r1,53),0) = +1
Dr(L = N,Q5) = dp(T, (s2,72),0) = —1
Dr(L — N,Q%) = dp(T, (r3,51),0) = +1

Hence, by the excision property of degree,
1=Dy(L-N,Q55”) =2+ Dy (L - N, 07\ Ur<ice ).

Therefore
Dr(L - N,Q510” = Urcicefli) = —1.

Consequently, (E,)(B) has a solution z4 in Qf}’(? -U; _<_,~SGQ,-, 1.e., a solution
such that ry — T < z(t) < s; for all t € [0,2n], z4(11) > 52 — T, 24(m) <
s2=T, x4(73) > r2~T, 24(74) < ro=T, z4(75) > 51T, z4(76) < 11, T4(77) >
s2, 4(T8) < s2, 24(T9) < 19, z4(T10) > 72 for some 11,79, -, 719 € [0, 27].

Thus this solution z4 can not differ from x1,¥2,%3 by a multiple of T.
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Example 2. Suppose h is a function satisfying the assumption above
and Nagumo condition on [r; — 27,27 — ry] where r; is the point at which
a sin z + b sin 2z has its maximum value. Let r; € [0,27] be a point at which
a sin z + bsin 2z has it relative maximum such that g(rz) < g(r1). Then the

boundary value problem
z"(t) + h(t,z(t),2'(t)) + [asinz + bsin 2z] = e(?)

z(0) — z(27) = 2'(0) —2'(27) = 0

has at least one solution if ||e||eo < asinry + bsin2ry, at least two solutions
not differing by a multiple of 27 if ||e]|cc < @sinr; + bsin2ry, at least three
solutions not differing by a multiple of o if llelloo < asinry + bsin2r; and
at least four solutions not differing by a multiple of 27 if ||e]|cc < asinrs +

bsin2r,.
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