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Comparison of Pole-Placement and LQR controller for
the rotary inverted pendulum

Myeong-bo Sim

Department of Marine System Engineering

Graduate School of Korea Maritime and Ocean University

Abstract

The inverted pendulum systems is difficult to control due to the
inherent instability and nonlinear behavior. Some of the pendulum
parameters may not be known exactly in practice, which influences
significantly the system dynamics.

This study investigates the design and analysis of two controllers used
to stabilize the rotary inverted pendulum. Firstly, state feedback
controller is designed using Pole-Placement. Secondly, Quadratic Optimal
Regulator is designed to determine the desired closed-loop poles such
that it balances between the acceptable response and the amount of
control energy required.

The outlines of this study are to :

(i) develop mathematical model of the inverted pendulum by using
Euler-Lagrange. (ii) introduce theory of Pole-Placement controller and
Quadratic Optimal Regulator. (iii) design Pole-Placement controller and
Quadratic Optimal Regulator. (iv) validate effectiveness of both

controllers with experiment. (v) compare responses of both controllers.
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Nomenclature

A : Complex conjugate transpose of system matrix
B, : Pendulum viscous damping coefficient at the pivot axis
B, : Rotary arm viscous damping coefficient at the pivot axis
B : Complex conjugate transpose of input matrix
ccow . Counterclockwise
d . Disturbance
£, . Kinetic energy of the arm
£, . Kinetic energy of the pendulum
E,, . Potential energy of the pendulum
G . Transfer function matrix of nominal model
H . Positive semidefinite hermitian matrix
I, : Current for stator
J : Performance index
4, : Moment of inertia of the arm
J, : Moment of inertia of the pendulum
K . Controller
K : Complex conjugate transpose of controller matrix
k, . Total gear ratio
m : Motor back-electromotive force constant
k, : Motor current-torque constant
L : Lagrangian of the rotary inverted pendulum
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L, : Total length of the pendulum

L, : Rotary arm length from pivot to tip

L, . Inductance for stator

M : Controllability matrix

m, : Mass of the pendulum

N : Transformation matrix

n : Noise

P . Positive definite matrix for Reccati equation

Q . Positive semi-definite hermitian matrix

R . Positive definite hermitian matrix

R, . Resistance of stator

u : Control input vector

u' : Ttranspose vector of control input

V., . Input voltage fo the control motor

Ty Ty Ty T, . State variables

x . State variables

T . x - coordinate of the pendulum center of gravity
z : Complex conjugate transpose of state vector

Y1, Yo : Output variables

Yo : y - coordinate of the pendulum center of gravity
Za . z - coordinate of the pendulum center of gravity
a : Pendulum angle

a : Pendulum angle velocity
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0 . Arm angle
9 : Arm angle velocity

T : Torque from the control motor to the arm
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Figure 2.1 Rotary inverted pendulum
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(a) Looking the pendulum from the front
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Figure 2.3 Coordinates of the inverted pendulum system

Collection @ kmou



B

)

—_
o

=

o

Aol of

o
-

o
=]

“

Ae AR doz A9

€]

.
0° o]t} Figure 2.3 (@4 4= at HHAIA

t}. Figure 2.3 oA 4= 0=

17e] %

A
Ll

L
[y

}

0]
pul

gk Aot

o 3%

3}

Figure 2.3
g o3
dejolH, ojufjol A=

|

W "EAA

A

~X
e

o) 74 A%E B 2 Yehao

—_
o

o
s

(2.2)
2.3)

s

2.1

t Al

S

L, (sina)(cost) 0
L, (sina)(sind) 6
a2

1

2
1

2

L, (sina) o

Lp(cosoz)(sinﬁ)d +
L, (cos)(cost) o+

1

2
1

2

ol A & diAE E,= E

L, sinasind
L, sinacost

o}
=

1

2
1

2
L, cosax

1
2

T e 2
L, cost +
L, sinf —
— L, (sinf) 6 +
L, (cosh) 6 —
B, 2,

=
=

Ta
G

Yo
Yo
z

A2l 912 oA

(xG,yG.,ZG)
eol A

Collection @ kmou



£, mevG—i_Ejpa (2.4)
1 .
Eka=5.492 (2.5)
A2} Alz=gle] SRR} L g A 2E" A9 EFdUAE
HE A fAUAE W AR Rorm et e e =T
& e,
L=E, +E,—E, (2.6)
_ 1 2 -2 1 .2 §
= amva—I—EJpa —1—540 Ty, g 75mcosa
1 1 . p 1,1 :
= g(mpl}f—i- ZmpLPQ sin‘a +Jr)92+§(zmpl¢2+<fp)a2
1 N 2
—5m L1, (cosal) e —m,, g 5 cosa

0ok ool thet SF1FA L WA AE e £ BAV 4H3H.

d 0L, L

i (g) 50 2.7
1 s .
=(J +m L+ Zmpr2 sin“a )@ +5 m, L (sina)(cosar) a6
1 . 1 .
+ 5 M L L, (sina) o — 5™ L. L, (cosa)a
=T —Bré
d 0L oL
_ 1 'é 1 24
= —gmpLP(COsoz) +(Jp+zmpr)a
1 . 1
-7 m, L (sine)(cosa) B’ — 5 m, L, g sina

=-B0

Collection @ kmou



2l 2.DolA 1= T& EHAA 9 A2HY doE HAIEE E
Ho|t},

goRt ¢ EAF e TERE AFY F34
= @t mHY Aol 4 AL V,, A4 AHY AF

S R,, 14
HxE [ o2}t 3 57182+ Figure 249 23 At A4 e oL
I 2}
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Table 2.1 Rotary Pendulum system Specifications

Symbol Description Value Unit
m, Mass of the pendulum 0.127 kg
L, Total length of the pendulum 0.337 m
J Pendulum moment of inertia about 0.156 kgm?®

p center of mass
B Pendulum viscous (iampmg coeffici- 0.0012 Nmss/rad
p ent at the pivot axis
L, Rotary arm length from pivot to tip 0.216 m
J Rotary arm moment of inertia about 0.000998 kgm?
center of mass
B Rptary arm_ viscous damping coeffi- 0.0024 N-mss/rad
" cient at the pivot
g Acceleration of gravity 9.81 m/s®
R, Motor armature resistance 2.6 Q
k, Motor current-torque constant 0.00768 N-m/A
k., Motor back-emf constant 0.00768 Vss/rad
k, Gear ratio 70
— 13 —
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w; =w, V1= =5y/1—-0.6" = 3.2

U A 3 p,pE —30, —400.E FH HFZAIAH EANAY AL
o= 2
(s4+24—753.2)(s+2.4+53.2)(s+30)(s +40) (4.4)
= s + 75s° + 1552s” + 6880s + 19200
Aelv=m o] 58Y KE
K=1[Fk ky ky k, | (4.5)
2 Aosta, s u= —KrZ FeLAA dYstE S e
FEHiE Ao FEjE vtAA Ak
= Ax+ Bu=Azr + Z?(—f(m) = (;1—23;()3: (4.6)
0 1 0 0
~ 0 0 1 0
A-BK=| 0 0 1
—k, 126494—Fk, 107.8—k, —30.36—k,
o] AlzHlo] g SAWAHAS FEYH TS 2
| s7— A+ BKC | 4.7)
= 5"+ (30.36 +k,)s* + (ky; —107.8)s> + (k, —1264.94)s + k,
2l (4.4} 2 4.70E vlustH
30.36 + k, = 75 (4.8)

ky, — 107.8 = 1552
k, — 1264.94 = 6880
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olmz, gEmEw o5y K

rr

g3t o ek

K= 19200 8144.94 1659.8 44.64 | 4.9)

o] e Aol A AgE AuvEy 58y K T4

(4.10)
oM, Ao}/ & T ArgBA e thet 2ot
0 0 1 0
_ 0 0 0 1
A-BK, = 439.5 —2200.4 = 162.5 —246.2 (4.11)

422.8 —2072.7 156.3 —237.3
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42 S A A7) 43

421 2% =dol U@ FHNA Aolrle) $HSA

4174829 FH A A7) AAMSRE T2 o3 A Al & o]
59285 o o5 2o

w, =2.5[rad/s], (=0.5, K, =] —3.3042 34.3210 —2.1099 3.0366 |
w, =2.5[rad/s], (=0.6, K,=| —3.3042 35.1586 —2.3742 3.3214 ]
w, =2.5[rad/s], (=0.7, K, =] —3.3042 35.9962 —2.6385 3.6062 |
w, = 4lradls], (=0.5, K, =] —8.4588 42.5748 —3.2625 4.2650 |
w, = 4lrad/s]l, (=0.6, K, = —8.4588 43.9149 —3.6854 4.7207 |
w, = 4lrad/s], (=0.7, K;=[ —8.4588 45.2550 —4.1084 5.1764 |
w, = 5lrad/s]l, (=05, K,=[—13.2169 49.5493 —4.1231 5.1798 |
w, = 5lrad/s], (=0.6, K;=[—13.2169 51.2244 —4.6518 5.7494 ]
w, = 5lrad/s], (=0.7, K,=[—-13.2169 52.8995 —5.1805 6.3191 |

Figure 3.1014 %7] A8l z=[002618 0 0] & T, AHI=u o]
S5dE K ~ K, & ol&3 A3 ZHE Figure 4.1 ~ Figure 4.3 YER]

I Ytk A7IA R FAAE 2, =a=0.2618 [rad] & ¢F 15° o 3
g

st Aot 4 ' oA A A= (a, alpha)$t o] 4=
(0, theta)= 2% [degl GH=E FEAHI, FFEE Ao J=H(V )&
2 [V] ©@9]elth

w, =2.5[rad/s] 2 FASAA TFHHE F7IAFHS #<l Figure 4.1&

BASEE, 93 AAe Y Azrel gobpow Ay JUZ A9
= QZo] FoETh AY 7)Y AYX G FFAE FHh
w, =4lrad/s] 2 FAStHA ZHHE S7HAZ S W<l Figure 4.2 1
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Z| B, w,=25[rad/s] 2 FASHEA FHHE F7HANHES drRT &
5 7o) FA Azre] @olTh x7] WeaAl A9 4w
=olx M, A HHE I ESFE xFo] ¢ Foled Ay 2719
Aol PEAE o 2 525 Jepdrt.

w, =5[rad/s] & §A AN 7230 E Z71A72 W<l Figure 4.3 4
W BH, o, =4lrads] 2 FASHEA ZH0E FHAZHE Hrgs ¢
I RzLe] HA AZko] otttk x7] WA ke A== o FA V)
LAY, A FEHE IAYASFE AFo] ZFAED A A719 A4

29t HHAE ¥ F FAE YETL

rn

o
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© oo

3.5
3.5

—damping ratio =0.6
--damping ratio =0.7

- damping rati

| |—damping rati
-damping rati

2.5

2.5

Times [s]
Times [s]

(a) Angle of arm

1.5

1.5
(b) Angle of pendulum

3.5
=2.5[rad/s]

2.5
at w,

’

Times [s]
(c) Control input
— 29 —

1.5
Figure 4.1 Pole-Placement Controller response

when z(0)=[0 0.2618 0 0]7
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(a) Angle of arm
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| |
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S o O o O 50
— | — —
| |
[8op] eydiy

Times [s]

(b) Angle of pendulum

\\\\\\\\\\\

© O O

—damping rati
—damping rati
- -damping rati

3

2.5

1.5

Times [s]

(c) Control input

Figure 4.2 Pole-Placement Controller response

=4 [rad/s]

n

when z(0)=[0 0.2618 0 0]7, at w
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Times [s]

= ] IEEEN 3 Teon™
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(c) Control input

Figure 4.3 Pole-Placement Controller response
when z(0)=[0 0.2618 0 0]7, at w, =5[rad/s]
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Figure 4.1 ~ Figure 4.39] Alo] 4= HujA|, HLXef A7 HA<
Hlw3tr] 98] 2 Ae] st Table 4.13 2t}

Table 4.1 Control input of Pole-Placement Controller response

(0 .0) Y Maximum of V, | Minimum of V, | Average of | V, |
(25,0.5) 2.4419 -9.8438 0.02418
(2.5,0.6) 1.0390 -10.3981 0.02546
(2.5,0.7) 1.3082 -10.5469 0.02622

(4,0.5) 3.7024 -13.0597 0.03564
(4,0.6) 3.7094 -12.9405 0.03658
(4,0.7) 5.1059 -14.0580 0.03997
(5,0.5) 7.3041 -14.9281 0.04958
(5,0.6) 7.9997 -16.5369 0.04683
(5,0.7) 9.5420 -18.2178 0.04844

Figure 4.4 ~ Figure 4.6°1 Yeh Aot vdsoz2 54 <49 7|l &4
= WH3}o] tiste] AEdEd o]53qE K~ K E A& 4
Figure 449 w, =2.5 [radslolA &= A2 oAUA= A9 b= |3E o}
Zhe W olA FASHARE, el A4 Aloje =" SHEe HolH 7]
Aol WAHY] A7AE IFS oA X WU Figure 449
w, =5 [rad/sll A= AR 7} @o] AQFWA A ZtEx HwZ
Al WA R, ko] A% Alojo ME FHES HolW T2 dY F3 A

2 Vel

AN X
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Theta [deg]

st

T
|
|
|
|
I
|
|
,,,,,,,,, o ——— =
|

—reference input

—damping ratio =0.5
--damping ratio =0.6
""" damping ratio =0.7

10

10

) 8
Times [s]
(a) Angle of arm
o l
() \*
= o l
< \ | T
= | | |
“ [ + +
< l l l
—10p -~ — B -~ 1--damping ratio =0.6
—15 l l ! |-~damping ratio =0.7
0 2 4 6 8
Times [s]
(b) Angle of pendulum
15 I T I T
B e el e e
o s e e e o
QE Ogs;,.:r 3 A:_W,W.Vmgw%w % -
| N b R b R
1 1 | |—damping ratio =0.5
=10~ Fomm P “~1—damping ratio =0.6
~15 ! ! ! |--damping ratio =0.7
0 2 4 6 8
Times [s]
(c) Control input

Figure 4.4 Pole-Placement Controller response

with reference

Collection @ kmou

input, at w, =2.5[rad/s]
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Theta [deg]

Alpha [deg]

—reference input

—damping ratio =0.5
--damping ratio =0.6
""" damping ratio =0.7
8 10

--damping ratio =0.6
--damping ratio =0.7
8 10

—damping ratio =0.5
—damping ratio =0.6
=0.7

1

--damping ratio
8

(c) Control input

Figure 4.5 Pole-Placement Controller response

with reference input, at w, =4[rad/s]
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—reference input

—damping ratio =0.5
--damping ratio =0.6
""" damping ratio =0.7
8 10

Theta [deg]

Alpha [deg]

--damping ratio =0.6
--damping ratio =0.7

8 10
Times [s]
(b) Angle of pendulum
[

[~ damping ratio =0.5

—damping ratio =0.6

- -damping ratio =0.7

1

Times [s]

(c) Control input

Figure 4.6 Pole-Placement Controller response

with reference input, at w, =5[rad/s]

_35_

Collection @ kmou



Figure 4.4 ~ Figure 462 A1o] 9&e] A, AoAst 279 FFe
waly] 98 2 Yelshd Table 4.29% 2.

Table 4.2 Control input of Pole-Placement Controller response

(0 .0) Y Maximum of V,, | Minimum of V, | Average of | V, |
(25,0.5) 2.416 -2.269 0.0062
(2.5,0.6) 2.452 -2.350 0.0059
(2.5,0.7) 2.446 -2.616 0.0057

(4,0.5) 6.799 -6.925 0.0104
(4,0.6) 6.893 -7.131 0.0101
(4,0.7) 7.203 -7.271 0.0101
(5,0.5) 10.591 -11.801 0.0170
(5,0.6) 11.253 -11.288 0.0184
(5,0.7) 10.647 -10.340 0.0160
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3.5

2.5
Times [s]

1.5

(a) Angle of arm

Times [s]

1.5

(b) Angle of pendulum

3.5

2.5
Times [s]

1.5

(c) Control input

Figure 4.7 Adding 150 [g] to edge of pendulum, Pole-Placement

T (w, =2.5[rad/s], ¢=0.5)

]

Controller response at z(0)=1[0 0.2618 0 0
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(c) Control input
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Figure 4.8 Adding 150 [g] to edge of pendulum
Controller response at x(0)=[0 0.2618 0 0]” (w, =2.5[rad/s], (=0.6 )
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Times [s]

1.5

(c) Control input
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’

Figure 4.9 Adding 150 [g] to edge of pendulum

Controller response at x(0)=[0 0.2618 0 0]” (w, =2.5[rad/s], ¢(=0.7 )
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3.5

2.5

Times [s]

1.5

(a) Angle of arm

3.5

2.5

Times [s]

1.5

(b) Angle of pendulum

3.5

2.5

Times [s]

1.5

(c) Control input

Placement

Pole-

]

Adding 110 [g] to edge of pendulum

Figure 4.10

Controller response at x(0)=1[0 0.2618 0 0] (w, =4[rad/s], ¢=0.5)
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3.5

2.5

Times [s]

1.5

0.5

—600

(a) Angle of arm

35

2.5

1.5

Times [s]

(b) Angle of pendulum

3.5

2.5

Times [s]

(c) Control input

Placement

Pole-

’

Figure 4.11 Adding 90 [g] to edge of pendulum

Controller response at x(0)=1[0 0.2618 0 0] (w, =4[rad/s], ¢=0.6 )
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Figure 4.12 Adding 80 [g] to edge of pendulum,

Controller response at x(0)=1[0 0.2618 0 0] (w, =4[rad/s], ¢=0.7 )
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Figure 4.13 Adding 60 [g] to edge of pendulum
Controller response at x(0)=1[0 0.2618 0 0] (w, =5[rad/s], ¢=0.5)
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1.5

(a) Angle of arm
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Times [s]

1.5

(b) Angle of pendulum

3.5

2.5

1.5

Times [s]

(c) Control input

-Placement

Pole

Figure 4.14 Adding 53 [g] to edge of pendulum,

Controller response at z(0)=1[0 0.2618 0 0] (w, =5[rad/sl, (=0.6 )

_45_

Collection @ kmou



3.5

2.5

Times [s]

1.5

(a) Angle of arm

T T T T <t

I I I I

I I I I

I I | I I

I I | I I

I I I I o
Y I I [ IR

| I | | ™

I I I I

I I I I

I I I I

I I I I

I I I | |
i ettt it (i i 9.

I I | I

I I I I

I | I |

I | I I

I | I I Lo

R [ (o~

| I | | | | B

I I | | I n

| | | I | i

I I ) | |
\\\\\\\\\\\\\\\\\ "

== st ({:

I | | | g

I | | I .=

I | I | I

| I | | —

I I I |

I I I I

I I I I

I | | | I

| I | I |
-~ T ke

I I I | |

I I I I |

I I I I I

I I I I I

I I | I I o
e e el e e )

I I I I S

I ! | I I

I | |

I I I | ]

| T |

| | L L L
Lo (@) Lo (@] Lo () 50
— — _ — —

| |
[8op] eydry

(b) Angle of pendulum
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Figure 4.15 Adding 50 [g] to edge of pendulum

Controller response at x(0)=1[0 0.2618 0 0] (w, =5[rad/s], ¢=0.7 )
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Figure 4.7 ~ Figure 4.15¢] Ao} 4| HhA|, HaAek 2719 Ho
S nwEr] el 2 A stH Table 4.33% #t}.

Table 4.3 Control input when adding mass to edge of pendulum

(0 .0) Y Maximum of V,, | Minimum of V,, | Average of | V, |
(25,0.5) 1.6490 -9.2828 0.0263
(2.5,0.6) 3.1710 -9.9607 0.0311
(2.5,0.7) 3.7489 -10.1594 0.0263

(4,0.5) 5.5732 -12.2798 0.0331
(4,0.6) 3.0455 -12.8989 0.0402
(4,0.7) 8.2853 -12.8628 0.0567
(5,0.5) 8.4701 -12.2659 0.0684
(5,0.6) 6.7930 -13.3831 0.0447
(5,0.7) 8.3794 =601 0.0502
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4.3 22 HAHA A7) 2A

AR Alz"le gk 22 HAAATE Tt sk, 3289 W&
of wa} A% A4 (performance index) JE H4&3}8= o]l5 KE Fola
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719 HdS 2 A st Table 4.4 2t}

Table 4.4 Control input of LQR response

i
0 " | Maximum of V,, | Minimum of V,, | Average of | V, |
Q. 1.2126 -8.8173 0.0210
Q. 1.3182 -10.0655 0.0240
Q, 2.2463 -13.0588 0.0305
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Table 4.5 Control input of LQR

|4
0 " | Maximum of ¥, | Minimum of V, | Average of | V,, |
Q. 2.6812 -2.6838 0.0142
Q. 2.4903 -2.2865 0.0140
Q, 2.8562 -2.6957 0.0139
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Figure 4.18 ~ Figure 4.209] 54 Yedi7] S8, Ao 4= Ao
2, A9 =27)0 HFS £ AElsd Table 4.69F 2t}

Table 4.6 Control input of LQR

Maximum of V.

m

Minimum of V.

m

Average of | V|

Q. 2.4208 -8.4379 0.0231
Q. 1.8228 -8.3404 0.0259
Qs 2.2737 -12.7162 0.0354
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